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Preface 
=
=
=
=
qÜáë= Äççâ= ÖáîÉë= ~= ëíê~áÖÜíÑçêï~êÇ= áåíêçÇìÅíáçå= íç= íÉÅÜåáèìÉë= çÑ=
áåíÉÖê~íáçåI=ïÜáÅÜ=áë=çåÉ=çÑ=íÜÉ=ãçëí=ÇáÑÑáÅìäí=~êÉ~ë=çÑ=Å~äÅìäìëK=fí=
áë= ïÉää= âåçïå= íÜ~í= íÜÉ= çåäó= ï~ó= íç= äÉ~êå= Å~äÅìäìë= áë= Äó= ëçäîáåÖ=
éêçÄäÉãëK=^Äçìí=PMM=ÅçãéäÉíÉäó=ïçêâÉÇ=Éñ~ãéäÉë=~êÉ=ìëÉÇ=íç=áå-
íêçÇìÅÉ= ãÉíÜçÇë= çÑ= áåíÉÖê~íáçå= ~åÇ= íç ÇÉãçåëíê~íÉ= éêçÄäÉã-
ëçäîáåÖ=íÉÅÜåáèìÉëK=qÜÉ=ëÉÅíáçåë=~êÉ=ïêáííÉå=~ë ëÉäÑ-ÖìáÇÉÇ=íìíçêá-
~äëK=b~ÅÜ=ÅÜ~éíÉê=çéÉåë=ïáíÜ=~ééêçéêá~íÉ=ÇÉÑáåáíáçåë=~åÇ=Ñçêãìä~ë=
ÑçääçïÉÇ=Äó=~= äçí=çÑ=ëçäîÉÇ=éêçÄäÉãë= äáëíÉÇ= áå=çêÇÉê=çÑ= áåÅêÉ~ëáåÖ=
ÇáÑÑáÅìäíóK==få=~ÇÇáíáçåI=^ééÉåÇáÅÉë=~í=íÜÉ=ÉåÇ=çÑ=íÜÉ=Äççâ=áåÅäìÇÉ=
êÉÇìÅíáçå= Ñçêãìä~ëI= íêáÖçåçãÉíêáÅ= ~åÇ= ÜóéÉêÄçäáÅ= Ñçêãìä~ë= ~åÇ=
áÇÉåíáíáÉëK=====
=
iççâ=Å~êÉÑìääó=~í= íÜÉ=ïçêâÉÇ=çìí=Éñ~ãéäÉë=~åÇ=Öç= íÜêçìÖÜ= íÜÉã=
ëíÉé=Äó= ëíÉéI= íÜÉå= íêó= íç= ëçäîÉ= ëáãáä~ê=éêçÄäÉãëK=qÜÉ=ãçêÉ= éêçÄ-
äÉãë=óçì=ïçêâI= íÜÉ=ÄÉííÉê=óçì=ÄÉÅçãÉ=~í=ëçäîáåÖ=íÜÉãK=vçì= =Å~å=
~äëç=ìëÉ=íÜÉ=ã~íÉêá~ä=~ë=~=êÉÑÉêÉåÅÉ=ëçìêÅÉI= =çê=~ë=~=±Ç~í~Ä~ëÉ≤=çÑ=
ëçäîÉÇ=éêçÄäÉãëK==
=
píìÇóáåÖ= ~åÇ= ëçäîáåÖ= íÜÉëÉ= éêçÄäÉãë= áãéêçîÉë= ìåÇÉêëí~åÇáåÖ= çÑ=
íÉÅÜåáèìÉë= çÑ= áåíÉÖê~íáçå= ~åÇ= ÜÉäéë= ëíìÇÉåíë= íç= ÄÉ= êÉ~Çó= Ñçê= íÉëí=
ïçêâë=~åÇ=Éñ~ãë=áå=íÜÉ=Ñ~ëíÉëíI=ãçëí=ÉÑÑáÅáÉåí=ã~ååÉê=~î~áä~ÄäÉK==
=
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Chapter  12  

Improper Integral 
=
=
=
=

qÜÉ=ÇÉÑáåáíÉ=áåíÉÖê~ä= =áë=Å~ääÉÇ=~å=áãéêçéÉê=áåíÉÖê~ä=áÑ=çåÉ=

çÑ=íïç=ëáíì~íáçåë=çÅÅìêëW=

( )∫
Ä

~

ÇññÑ

• 
• 

~=çê=Ä=áë=áåÑáåáíÉ=
ÑEñF=Ü~ë=çåÉ=çê=ãçêÉ=éçáåíë=çÑ=ÇáëÅçåíáåìáíó=áå=íÜÉ=áåíÉêî~ä==x~I=
ÄzK=

=
=

Infinite Limits of Integration 
iÉí=ÑEñF=ÄÉ=~=Åçåíáåìçìë=ÑìåÅíáçå=çå=íÜÉ=ÅäçëÉÇ=áåíÉêî~ä= [ )∞I~ K=tÉ=
ÇÉÑáåÉ=íÜÉ=áãéêçéÉê=áåíÉÖê~ä=~ë=

( ) ( )∫∫ ∞→

∞

=
å

~
å

~

ÇññÑäáãÇññÑ K=

=
iÉí=ÑEñF=ÄÉ=~=Åçåíáåìçìë=ÑìåÅíáçå=çå=íÜÉ=ÅäçëÉÇ=áåíÉêî~ä= ( ]ÄI∞− K=
få=íÜáë=Å~ëÉI=ïÉ=ÇÉÑáåÉ=íÜÉ=áãéêçéÉê=áåíÉÖê~ä=~ë=

( ) ( )∫∫ −∞→
∞−

=
Ä

å
å

Ä

ÇññÑäáãÇññÑ K=

=
fÑ=íÜÉëÉ=äáãáíë=Éñáëí=~åÇ=~êÉ=ÑáåáíÉ=íÜÉå=ïÉ=ë~ó=íÜ~í=íÜÉ=áåíÉÖê~äë=~êÉ=
ÅçåîÉêÖÉåíX=çíÜÉêïáëÉ=íÜÉ=áåíÉÖê~äë=~êÉ=ÇáîÉêÖÉåíK=
=
iÉí=ÑEñF=ÄÉ=~=Åçåíáåìçìë=ÑìåÅíáçå=Ñçê=~ää=êÉ~ä=åìãÄÉêëK=tÉ=ÇÉÑáåÉ=
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( ) ( ) ( )∫∫∫
∞

∞−

∞

∞−

+=
Å

Å

ÇññÑÇññÑÇññÑ K=

fÑI= Ñçê=ëçãÉ=êÉ~ä=åìãÄÉê=ÅI=ÄçíÜ=çÑ=íÜÉ=áåíÉÖê~äë=áå=íÜÉ=êáÖÜí=ëáÇÉ=

~êÉ=ÅçåîÉêÖÉåíI=íÜÉå=ïÉ=ë~ó=íÜ~í=íÜÉ=áåíÉÖê~ä= =áë=~äëç=Åçå-

îÉêÖÉåíX=çíÜÉêïáëÉ=áí=áë=ÇáîÉêÖÉåíK=

( )∫
∞

∞−

ÇññÑ

=
=

Comparison Theorems 
iÉí==ÑEñF==~åÇ==ÖEñF=ÄÉ==Åçåíáåìçìë==ÑìåÅíáçåë=çå=íÜÉ=ÅäçëÉÇ=áåíÉêî~ä=
[ )∞I~ K=pìééçëÉ=íÜ~í= ( ) ( )ñÑñÖM ≤≤ =Ñçê=~ää=ñ=áå=íÜÉ=áåíÉêî~ä= [ K=)∞I~

fÑ= =áë=ÅçåîÉêÖÉåí=íÜÉå= =áë=~äëç=ÅçåîÉêÖÉåíX=( )∫
∞

~

ÇññÑ ( )∫
∞

~

ÇññÖ1. 

2. 

3. 

fÑ= =áë=ÇáîÉêÖÉåí=íÜÉå= =áë=~äëç=ÇáîÉêÖÉåíK=( )∫
∞

~

ÇññÖ ( )∫
∞

~

ÇññÑ

fÑ= ( )∫
∞

~

ÇññÑ =áë=ÅçåîÉêÖÉåí=íÜÉå= =áë=~äëç=ÅçåîÉêÖÉåíK=få=

íÜáë= Å~ëÉI= ïÉ=ë~ó=íÜ~í=íÜÉ= áåíÉÖê~ä= =áë=~ÄëçäìíÉäó=Åçå-

îÉêÖÉåíK=

( )∫
∞

~

ÇññÑ

( )∫
∞

~

ñÑ Çñ

=
=

Discontinuous Integrand  
iÉí= ÑEñF= ÄÉ= ~= ÑìåÅíáçå= ïÜáÅÜ= áë= Åçåíáåìçìë= çå= íÜÉ= áåíÉêî~ä= x~I= ÄF=
Äìí=áë=ÇáëÅçåíáåìçìë=~í=ñ=Z=ÄK=tÉ=ÇÉÑáåÉ=

( ) ( )∫∫
ε−

+→ε
=

Ä

~
M

Ä

~

ÇññÑäáãÇññÑ K=

=
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iÉí= ÑEñF= ÄÉ= ~= ÑìåÅíáçå= ïÜáÅÜ= áë= Åçåíáåìçìë= çå= íÜÉ= áåíÉêî~ä= E~I= Äz=
Äìí=áë=ÇáëÅçåíáåìçìë=~í=ñ=Z=~K=tÉ=ÇÉÑáåÉ=

( ) ( )∫∫
ε+

+→ε
=

Ä

~
M

Ä

~

ÇññÑäáãÇññÑ K=

=
fÑ=íÜÉëÉ=äáãáíë=Éñáëí=~åÇ=~êÉ=ÑáåáíÉ=íÜÉå=ïÉ=ë~ó=íÜ~í=íÜÉ=áåíÉÖê~äë=~êÉ=
ÅçåîÉêÖÉåíX=çíÜÉêïáëÉ=íÜÉ=áåíÉÖê~äë=~êÉ=ÇáîÉêÖÉåíK=
=
iÉí=ÑEñF=ÄÉ=~=Åçåíáåìçìë=ÑìåÅíáçå=Ñçê=~ää=êÉ~ä=åìãÄÉêë=ñ=áå=íÜÉ=áå-
íÉêî~ä=x~I=Äz=ÉñÅÉéí=Ñçê=ëçãÉ=éçáåí=Å=áå=E~I=ÄFK=tÉ=ÇÉÑáåÉ==

( ) ( ) ( )∫∫∫ +=
Ä

Å

Å

~

Ä

~

ÇññÑÇññÑÇññÑ =

~åÇ=ë~ó=íÜ~í=íÜÉ=áåíÉÖê~ä= =áë=ÅçåîÉêÖÉåí=áÑ=ÄçíÜ=çÑ=íÜÉ=áåíÉ-

Öê~äë= áå= íÜÉ= êáÖÜí= ëáÇÉ= ~êÉ= ~äëç= ÅçåîÉêÖÉåíX= çíÜÉêïáëÉ= áí= áë= ÇáîÉê-
ÖÉåíK=

( )∫
Ä

~

ÇññÑ

=
=

plisba=mol_ibjp=
=
=
Example 186.   

bî~äì~íÉ= ∫
∞

N ñ

Çñ
K=

Solution. 
_ó=íÜÉ=ÇÉÑáåáíáçå=çÑ=~å=áãéêçéÉê=áåíÉÖê~äI=ïÉ=Ü~îÉ=

å

N

N
O

N

å

å

N

O

N

å

å

N
å

N O
N

ñ
äáãÇññäáã

ñ

Çñ
äáã

ñ

Çñ
















===

+−

∞→

−

∞→∞→

∞

∫∫∫ =
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( ) ( ) ∞=−==







=

∞→∞→∞→
NåäáãOñOäáãñOäáã

å

å
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O

N
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K=

eÉåÅÉI=íÜÉ=ÖáîÉå=áåíÉÖê~ä=ÇáîÉêÖÉëK=
=
=

Example 187.  

aÉíÉêãáåÉ= Ñçê= ïÜ~í= î~äìÉë= çÑ= â= íÜÉ= áåíÉÖê~ä= ∫
∞

N
âñ

Çñ
= E â F=

ÅçåîÉêÖÉëK=

NâIM ≠>

=

Solution. 
_ó=íÜÉ=ÇÉÑáåáíáçå=çÑ=~å=áãéêçéÉê=áåíÉÖê~äI=ïÉ=Ü~îÉ=

( )å
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Nâ
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N
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N
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ñ
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äáã
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


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
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=== ∫∫∫ =
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å

NâNâ

å
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Nâ

N
Nåäáã

âN

N −

∞→

+−+−

∞→
−⋅

−
=−⋅

−
= K=

^ë=ëÉÉå=Ñêçã=íÜÉ=ÉñéêÉëëáçåI=íÜÉêÉ=~êÉ=O=Å~ëÉëW=
• fÑ= I= íÜÉå= ~ë=NâM << ∞→−âNå = ∞→å ~åÇ= íÜÉ= áåíÉÖê~ä= Çá-

îÉêÖÉëX==

fÑ= Nâ > I=íÜÉå= M
å

N
å

Nâ

âN →= −
− =~ë= ∞→å ~åÇ=íÜÉ=áåíÉÖê~ä=Åçå-

îÉêÖÉëK==

• 

=
=
Example 188.  

bî~äì~íÉ= ∫
∞

+M
O NSñ

Çñ
K=
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Solution. 
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M
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M
O Q

ñ
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N
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Qñ
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





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+
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+
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+
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∞

∫∫∫ =

UOQ

N
M
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å
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Q

N

Q

M
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Q

å
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Q

N N

å

NN

å

π
=

π
⋅=






 −=






 −= −

∞→

−−

∞→
K=

eÉåÅÉI=íÜÉ=ÖáîÉå=áåíÉÖê~ä=ÅçåîÉêÖÉëK=
=
=

Example 189.  

bî~äì~íÉ= =∫
∞−

M
ñ ÇñP K

Solution. 
_ó=íÜÉ=ÇÉÑáåáíáçå=çÑ=~å=áãéêçéÉê=áåíÉÖê~äI=ïÉ=Ü~îÉ=

( )åM

å

M

å

ñ

å

M

å

ñ

å

M
ñ PPäáã

Päå

N

Päå

P
äáãÇñPäáãÇñP −

∞→
−

∞→
−

∞→
∞−

−⋅=







== ∫∫ =

( )
Päå

N
MN

Päå

N

P

N
Näáã

Päå

N
åå

=−⋅=





 −⋅=

∞→
K=

qÜìëI=íÜÉ=áåíÉÖê~ä=ÅçåîÉêÖÉëK=
=
=

Example 190.  

bî~äì~íÉ= =∫
∞

−

M

ñP ÇñÉ K

Solution. 
_ó=íÜÉ=ÇÉÑáåáíáçå=çÑ=~å=áãéêçéÉê=áåíÉÖê~äI=ïÉ=Ü~îÉ=

å

M

ñP

å

å

M

ñP

å
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P

É
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


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∞
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( ) ( )
P

N
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P

N
ÉÉäáã
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N MåP
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=−−=−−= −

∞→
K=

eÉåÅÉI=íÜÉ=ÖáîÉå=áåíÉÖê~ä=ÅçåîÉêÖÉëK=
=
=

Example 191.  

bî~äì~íÉ=
( )∫

∞

+M
QO Pñ

ñÇñ
K=

Solution. 
_ó=íÜÉ=ÇÉÑáåáíáçå=çÑ=~å=áãéêçéÉê=áåíÉÖê~äI=ïÉ=Ü~îÉ=
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=
Example 192.  

bî~äì~íÉ=íÜÉ=áåíÉÖê~ä= ∫
−

O

O
Pñ

Çñ
K=
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Solution. 
qÜÉêÉ=áë=~=ÇáëÅçåíáåìáíó=~í=ñ=Z=M=ëç=íÜ~í=ïÉ=ãìëí=ÅçåëáÇÉê=íïç=áã-
éêçéÉê=áåíÉÖê~äëW=
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O
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
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eÉåÅÉI=íÜÉ=áåáíá~ä=áåíÉÖê~ä=ÇáîÉêÖÉëK==
=
=
Example 193.  

aÉíÉêãáåÉ=ïÜÉíÜÉê=íÜÉ=áåíÉÖê~ä= ∫
∞ +

N

Çñ
ñ

Nñ
=ÅçåîÉêÖÉë=çê=ÇáîÉêÖÉëK=

Solution. 
kçíÉI=íÜ~í==

ñ
ñ

ñ

ñ

Nñ
=>

+
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páåÅÉ=íÜÉ=áãéêçéÉê=áåíÉÖê~ä= ∫
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N
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∫
∞ +
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ñ

Nñ
=~äëç=ÇáîÉêÖÉë=Äó=`çãé~êáëçå=qÜÉçêÉã=OK==
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Example 194.  

aÉíÉêãáåÉ= ïÜÉíÜÉê= íÜÉ= áåíÉÖê~ä= = ÅçåîÉêÖÉë= çê= Çá-

îÉêÖÉëK=

∫
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ñ ñÇñëáåÉ

Solution. 
kçíÉI=íÜ~í= ññ ÉñëáåÉ −− ≤ =
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
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∫
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Example 195.  

aÉíÉêãáåÉ=ïÜÉíÜÉê=íÜÉ=áåíÉÖê~ä= ∫ −

O

N Nñ

Çñ
=ÅçåîÉêÖÉë=çê=ÇáîÉêÖÉëK=

Solution. 
qÜÉêÉ= áë= ~= ÇáëÅçåíáåìáíó= ~í= ñ= Z= N= ëç= íÜ~í= ïÉ= ãìëí= ïêáíÉ= íÜÉ= áã-
éêçéÉê=áåíÉÖê~ä=~ë=
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Example 196.  

aÉíÉêãáåÉ=ïÜÉíÜÉê=íÜÉ=áåíÉÖê~ä=
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Solution. 
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Example 197.  

aÉíÉêãáåÉ= Ñçê= ïÜ~í= î~äìÉë= çÑ= â= íÜÉ= áåíÉÖê~ä= ∫
N

M
âñ

Çñ
= E â F=

ÅçåîÉêÖÉëK=

NâIM ≠>

=
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Solution. 
qÜÉ=áåíÉÖê~åÇ=Ü~ë=ÇáëÅçåíáåìáíó=~í=ñ=Z=M=ëç=íÜ~í=ïÉ=Å~å=ïêáíÉ=íÜÉ=
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Example 198.  

aÉíÉêãáåÉ=ïÜÉíÜÉê=íÜÉ=áåíÉÖê~ä=
( )∫
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Solution. 
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Example 199.  
cáåÇ=íÜÉ=~êÉ~=ìåÇÉê=íÜÉ=ÅìêîÉ= ñäåó = =ÄÉíïÉÉå= Mñ = =~åÇ= Nñ = K=

Solution. 
qÜÉ=ÖáîÉå=êÉÖáçå=áë=ëâÉíÅÜÉÇ=áå=cáÖìêÉ=NPK=páåÅÉ=áí=áë=áåÑáåáíÉI=Å~ä-
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Figure 13 
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Example 200.  
cáåÇ=íÜÉ=~êÉ~=ìåÇÉê=íÜÉ=ÅìêîÉ= ñí~åó = =ÄÉíïÉÉå Mñ = =~åÇ= K

O
ñ

π
= ==

Solution. 
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=
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qÜìëI= íÜÉ= áãéêçéÉê= áåíÉÖê~ä= áë= ÇáîÉêÖÉåí= ~åÇI= ÜÉåÅÉI= íÜÉ= ~êÉ~= áë=
Éèì~ä=íç=áåÑáåáíóK=
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