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Preface

This ebook is intended primarily for students learning calculus
and focuses entirely on differentiation of functions of one vari-
able. The sections are written as self-guided tutorials. Each chap
ter begins with appropriate definitions and formulas followed by
numerous solved problems listed in order of increasing difficulty.
Basic high school math is all that's needed to follow the explana-
tions and learn from 200 practical problems solved step-by-step.

It is well known that the only way to learn calculus is by solving
problems. The more problems you work, the better you become at
solving them.This ebook helps you cut study time, increase prob-
lem-solving skills and achieve your personal best on calculus
exams!
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Chapter 4
The Product and Quotient Rules

The Product Rule

Let u(x) and v(x) be differentiable. Then uv is also differentiable
and

(uv)’ =u'v+uv'.

Important! The derivative of the product is NOT equal to the
product of the derivatives.

The Quotient Rule

Let u(x) and v(x) be differentiable. Then, if v(x)# 0, we have
(E] _uv-uy
v v

SOLVED PROBLEMS

Find the derivatives of the following functions (examples 46-70):

Example 46.
y(x): (x4 + 2XXX3 + X).
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4. THE PRODUCT AND QUOTIENT RULE

Solution.

Use the product rule and the power rule:

y'(x)z [(x4 + ZXXX3 + X)]rz (x4 + ZX) (x3 + X)-I— (x4 + ZXXX3 + x)
=4x’ -(x3 +x)+ (x4 +2x)-3x2 =4x° +4x* +3x° + 6x
= )((7)(5 +4x° + 6).

!

Example 47.

Differentiate x* by writing
5 1

and using the product rule.

Solution.

Solution.

Compute the derivative of this function using the quotient rule:

!

, 2 21-x-2-x" 0-x-2-1 0-2 2
Y(X): — = 3 = 3 = 3 =——2.
X X X X
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4. THE PRODUCT AND QUOTIENT RULE

Example 49.

Find a formula for the derivative of a negative power
y(x)=x"

Solution.

We can write the function as
1
y(x)=—.
X

Hence, by the quotient rule, the derivative is

! !

y'(x)= (Lj - Xn(x_nl); )

X
0-x" —nx"" n n
= X2n = X2n7n+1 = Xn+1
Example 50.
2x—-3
f(x)= :
(X) 3x+2
Solution.
By the quotient rule,
f,(x)z(zx—s) _ (2x—3)'(3x+2)—(2x—3)(3x+2)'
3x +2 (3x +2)
_2-(3x+2)-(2x-3)-3 6x+4-6x+9 13
(3x+2) (3x+2) (Bx+2) "
Example 51.

y(x)=(x +a)x —b), where a, b are constants.

Solution.

Use the product rule:
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4. THE PRODUCT AND QUOTIENT RULE

v(x)=[(x +a)x—b)] =(x +a) (x-b)+(x +a)x—b)
:1-(X—b)+(x+a)-1:x—b+x+a:2x—b+a.

Example 52.

2x
y()="7-

Solution.

Use the quotient rule:
(x) = 2X ’ _ (2)()’(1—)(2 )—(ZX)(I—XZ)’
= Ry e

1-x’
Differentiate the expressions in the brackets and simplify:
)= 21-x2)-(2x)-2x) 2-2x*+4x> 2(1+x?)

(1—)(2)2 (l—xz)2 (l—xz)2 .

Example 53.
1+x—x’
Y(X)_ 1-x+x*

Solution.

Use the quotient rule:

!

y,(x):(nx—xzj

1-x+x°

!

_ (1+X—X2),(1—X+X2)—(1+X—X2X1—X+X2)
(1 —x+x° )2 '
Differentiate the functions in the nominator:

38



4. THE PRODUCT AND QUOTIENT RULE

(x)= (1—2X)(1—X+X2)—(1+X—XZX—1+2X) .
Y( ) (1—X+x2)Z

Simplify:
, _(1—X+X2—2X+2X2—2X3)—(—1—X+X2+2X+2X2—2X3)
y'(x)= .
(1—x+x )
_1—x+x2—2x+2x2—2x3+1+x—x2—2x—2x2+2x3
- (1—x+x2)2
24
_(1—x+x2)2 '
Example 54.

Find the derivative of tangent function y(x)=tanx by using the
quotient rule.

Solution.

sin X
tanx =
CosX

, so that, using the quotient rule, we obtain

4 i 4

' ( sinxj _ (sinx) cosx — sinx(cos x)

()= (tanx) =

cosx (cosx)’

Since (sin x)' = COS X, (cos x), =—sinx, we have

(tan x), _ COSXCOSX — sin x(— sin x) _ cos? x +sin? x _ 1
(cosx)’ (cosx)’ cos’x

Here we used the trigonometric identity
sin’x +cos’ x =1.

Example 55.
Find the derivative of cotangent function y(x)=cotx using the

quotient rule.
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4. THE PRODUCT AND QUOTIENT RULE

Solution.

We can write
COSX

y(x) =cotx=—;
sin X
By quotient rule, the derivative is

!

(cot x)’ _ (cos Xj _ (cos x)! sinx — cos x(sin x)!
sinx (sinx)’
Since (sin X)' =cosx, (cos x), =—sinx, we have
(cotx)’ _ —sinxsinx—cosxcosx _ cos’x+sin’x 1
sin X sin X sin’x
( )2 ( )2 . 2

Here we used the trigonometric identity
sin’ x + cos’ x =1.

Example 56.

sin x
Y(X)_ 1+cosx

Solution.

Use the quotient rule:
!

, sin x (sin x)l (1+ cos x)— sinx(1+ cos x)l
Y (X): = 2 *
1+cosx (1+cosx)

! !

Since (sinx) =cosx, (cosx) =-sinx, we have

(x)= cos x(1+ cos x ) — sin x(— sin x)
(1 + cos x)2

2 e 2
COSX+cos”  xXx+sin” x 1+ cosx 1

(1+cosx)* (1+cosx)’ 1+cosx .
We used here the trigonometric identity
sin’x +cos’ x =1
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4. THE PRODUCT AND QUOTIENT RULE

to simplify the answer.

Example 57.
Let y(x)=sin’x. Differentiate the given function not using the
chain rule.

Solution.

We can write
y(x)=sinxsinx.
By the product rule,

! ! !
y'(x)=(sinxsinx) =(sinx) sinx +sinx(sinx) .
’ !
Since (sinx) =cosx, (cosx) =-sinx, we have
y’(x): cosxsinXx +sinXcosx =2sinXcosx.
Use the double angle formula
sin2x =2sinXcos X .
So that the derivative is
, .
y (x) =sin2x.

Example 58.

ax+b
f (x) = , where a, b, ¢, and d are constants.
CX +

Solution.

Use the quotient rule:

! ’ !

el :(ax+bj _(ax+b) (cx+d)—(ax +b)cx +d)

cx+d (ex+d)’
:a~(cx+d)—(ax+b)-c:acx+ad—acx—bc: ad —bc
(cx+d)’ (ex+d)’ (ex+d) .

Write the nominator using determinant:
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4. THE PRODUCT AND QUOTIENT RULE

a b
ad —bc= .
c d
So that the derivative is

a b‘
f!(x):(aX‘i‘b] _ C dz .
x+d)  (cx+d)

Example 59.
y(x): (x - a)(x2 +ax+a’ ), where a is a constant.

Solution.

Apply the product rule and simplify:
y()=[6x—a)* +ax+a?)]
=(x—a)’(x2 tax+a’)+(x—a)x’ +ax+a’)
:1-()(2 +ax+a2>+(x—a)-(2x+a)

!

=x’+ax+a’ +2x>—2ax+ax—a’ =3x".

Example 60.
s(t)=(t? +2t+8)t* —5t*).
Solution.

Apply the product rule to compute the derivative.
s'(6)=[(t> + 2t +8)t* —5¢)]

(€ +2t+ 8)' (¢* =56 )+ (¢ + 2t + 8)t* —5¢° )
(2t+2)t* —5¢° )+ (£ + 2t + 8)at® —15¢?)
(2¢° +2t* —10t* —10¢°)

+(4t® +8t* +326° —15t* — 30 —120¢?)
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4. THE PRODUCT AND QUOTIENT RULE

=(2t° - 8t* —10¢° )+ (4t° — 7t* +2¢° —120¢*)
=6t° —15t" —8t> —120t> =t*(6t> — 15t> — 8t —120).

Example 61.
y(x)=2sinxcosx.

Solution.
Apply the product rule:

y'(x)zz[(sinx)

Since (sinx) =cosx, (cosx) =—sinx, we obtain

!

cosx + sin(cos x), } .

y'(x)=2(cos x cos x + sin x(—sinx)) = 2(cos2 x —sin’ x).

Simplify the answer using the double angle formula:

cos2x =cos’ x —sin” x.

Then

y'(x)=2cos2x.

(The answer is obvious because the original function can be writ
ten as y(x)=2sinx cosx = sin2x ).

Example 62.
y(x)=(xsino + cosa)(x cos o — sin ), where o is a constant

angle.

Solution.

Here cosa and sina are constants. Then by the product rule,

y'(x)=[(xsin o + cos o.)(x cos o — sin OL)]'
=(xsina + cos oc)' (xcosa —sinal)
!

(
+(xsino + cos o )(x cos o — sin o)
=(sin o +0)(x cos o —sin o)+ (x sin o + cos . J(cos o — 0)
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4. THE PRODUCT AND QUOTIENT RULE

=sina(x coso —sina)+ (xsina + cos o) cos o

=xsinocoso —sin’ o + x sin oL cos oL + cos’ o
=2sinocoso - X+ cos’ oL —sin’ ol .

Use the following trigonometric identities:

sin20. =2sino.cosa. ,

cos20=cos’> o —sin’ a..

Then we have

y'(x)=sin20 - x + cos2a..

Example 63.
y(x) = x(2x + 1)(3x + 2).

Solution.

We can find the derivative of the given function by multiplying
out first. In this case, we have

y(x) = x(2x + 1)(3x + 2) = )((6x2 +3x +4x + 2)
=6x’ +7x” +2x.
The derivative of this is
y'(x)=(6x* +7x* + 2x) =18x” +14x + 2.
Now apply the product rule (twice) to differentiate this function.
y'(x)=[x(2x+1)3x +2)]
—[x(2x +1)] - 3x +2)+ [x(2x + 1)} 3x +2)
:[x'-(2x+1)+x-(2x+l)’}-(3x+2)+ [x(2x +1)} 3
=[1-(2x +1)+x-2](3x + 2)+ 3x(2x +1)
= [2x+1+2x)(3x + 2)+ 6x” +3x
= (4x +1)(3x +2)+6x” +3x

=12x° +3x+8x+2+6x" +3x
=18x*+11x+2.
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4. THE PRODUCT AND QUOTIENT RULE

It is easy to show (see Problem 64), that if a function is a factor of
3 other functions:

f(x) = u(xv(x)w(x),

its derivative is

f'(x)=u'vw + uv'w + uvw’.

This formula allows to find the given derivative directly.

Example 64.
Let f(x)=u(x)v(x)w(x). Find a formula for f’(x).

Solution.

Apply the product rule twice. Then the derivative is

£/() = (u(xv(x)w(x)) = [u(v(x)] W)+ [ulxvix)w(x)

Since

[u(x)v(x)]’: uv+uv',

we obtain the following formula

f'(x)= (uvw), =(u'v+uv’)w+uvw’ = u'vw + uv'w + uvw’.

Example 65.
Differentiate the following function not using the chain rule.

f(x): (x2 - 1)3 .

Solution.

Use the formula given in Problem 64:
(uvw)’ =u'vw+uv'w+uvw’.

We can write the function as

f(x):(x2 —IXX2 —1Xx2 —1).

The derivative is

f'(x)= (X2 —1), (x2 —IXXZ —1)
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4. THE PRODUCT AND QUOTIENT RULE

+ (x2 - IXXZ - 1)' (x2 - 1)+ (x2 - IXXZ - IXX2 - 1)’
= 2)(()(2 - IXXZ - 1)+ (x2 - 1)- 2x - (x2 - 1)+ (x2 - IXX2 - 1)- 2x

=3.2x(x* —1)x* -1)=6x(x* -1).

Example 66.
y(x): (x2 +3x+ 4X2X - 5)(x2 + 3).
Solution.

Use the formula given in Problem 64:
(uvw)’ =u'vw +uv'w + uvw’.
Supposing that

u(x):x2 +3x+4,

V(X) =2x-5,

w(x) =x>+3 ,

we have

x)= (x> +3x +4) (2x—5)x? +3)+ (x> + 3x + 4)2x - 5) (x* +3)

(x2+3x+4x2x—5)(xz+3)’

= (2x+3)2x = 5)(x? +3)+ (x* +3x +4)-2-(x* +3)
+(X2+3X+4X2X—5)-2X.

Simplify the expression:

y'(x)= ?A'Lx —4x — ISXX +3) (x2+3x+4x2x2+6)
+(x? +3x+4)(4x ~10x)

= (4x* —4x® —15x> +12x* —12x —45)

+(2x" +6x° +8x” + 6x” +18x + 24)

+(4x* +12x° +16x7 —10x® —30x* — 40x).
So that
y'(x)=10x* +4x’ —3x* —34x - 21.

+
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4. THE PRODUCT AND QUOTIENT RULE

Example 67.
Find a general formula to differentiate a reciprocal 1/f(x) of a
function f(x).

Solution.

So we get the reciprocal rule for derivative:
1) _ f '(x)
f(x))  £(x)

Example 68.

1
Y(X)_ x® +5x2 )
Solution.

Use the reciprocal rule in Example 67 to find the derivative:

) o

Hence

! !

,(X):[ 1 j _ (x°+5x*) _ ex’+10x
Y (X6 +5x2)2 (X6 +5x2)2 .

47



4. THE PRODUCT AND QUOTIENT RULE

Example 69.
y(x): secx.

Solution.

Use the reciprocal rule for the derivative:

&),

The derivative is

!

Y’(X):(SCCX)’:( 1 ) :_(Cosx)’

COSX COS2 X

(-sinx) sinx
- 3 = =tanxsecx.
COs™ X cos” X

Example 70.
y(x): CSCX.

Solution.

Use the formula for the derivative of reciprocal function:

[ffo -l

The derivative is

! [

Y’(X)=(CSCX)I :( 1 j =_(sinx)

sin x sin® x
COSX COSX
R =—cotxcscx.
sin” X sin” x
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