
 



Calculus  
Techniques of Differentiation 
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=
=
=
qÜáë= ÉÄççâ= áë= áåíÉåÇÉÇ= éêáã~êáäó= Ñçê= ëíìÇÉåíë= äÉ~êåáåÖ= Å~äÅìäìë=
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=
fí= áë=ïÉää=âåçïå=íÜ~í=íÜÉ=çåäó=ï~ó=íç= äÉ~êå=Å~äÅìäìë= áë=Äó=ëçäîáåÖ=
éêçÄäÉãëK=qÜÉ=ãçêÉ=éêçÄäÉãë=óçì=ïçêâI=íÜÉ=ÄÉííÉê=óçì=ÄÉÅçãÉ=~í=
ëçäîáåÖ=íÜÉãKqÜáë=ÉÄççâ=ÜÉäéë=óçì=Åìí=ëíìÇó=íáãÉI=áåÅêÉ~ëÉ=éêçÄ-
äÉã-ëçäîáåÖ= ëâáääë= ~åÇ= ~ÅÜáÉîÉ= óçìê= éÉêëçå~ä= ÄÉëí= çå= Å~äÅìäìë=    
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Chapter  4  

The Product and Quotient Rules  
=
=
=
=

The Product Rule 
iÉí= =~åÇ= =ÄÉ=ÇáÑÑÉêÉåíá~ÄäÉK=qÜÉå=ìî=áë=~äëç=ÇáÑÑÉêÉåíá~ÄäÉ=
~åÇ==

( )ñì ( )ñî

=

( ) îìîììî ′+′=′ K=
=
fãéçêí~åí>= qÜÉ= ÇÉêáî~íáîÉ= çÑ= íÜÉ= éêçÇìÅí= áë= klq= Éèì~ä= íç= íÜÉ=
éêçÇìÅí=çÑ=íÜÉ=ÇÉêáî~íáîÉëK=
=

The Quotient Rule 
iÉí= ì =~åÇ= =ÄÉ=ÇáÑÑÉêÉåíá~ÄäÉK=qÜÉåI=áÑ=( )ñ ( )ñî ( ) Mñî ≠ I=ïÉ=Ü~îÉ==
=

Oî

îìîì

î

ì ′−′
=′








K=

=
=

plisba=mol_ibjp==
=
cáåÇ=íÜÉ=ÇÉêáî~íáîÉë=çÑ=íÜÉ=ÑçääçïáåÖ=ÑìåÅíáçåë=EÉñ~ãéäÉë=QS-TM): 
=
Example 46.  

( ) ( )( )ñññOññó PQ ++= K=
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4. THE PRODUCT AND QUOTIENT RULE 

Solution. 
rëÉ=íÜÉ=éêçÇìÅí=êìäÉ=~åÇ=íÜÉ=éçïÉê=êìäÉW=

( ) ( )( )[ ] ( ) ( ) ( )( )′++++
′

+=′++=′ ñññOññññOññññOññó PQPQPQ =

( ) ( ) ñSñPñQñQñPñOññññQ SQSOQPP +++=⋅+++⋅= =

( )SñQñTñ PR ++= K=
=
=
Example 47.  
aáÑÑÉêÉåíá~íÉ==ñRLO==Äó=ïêáíáåÖ=

OOO

N

O

R

ñññññ ⋅== =
~åÇ=ìëáåÖ=íÜÉ=éêçÇìÅí=êìäÉK=

Solution. 

( ) ( ) ( ) ( )′⋅+⋅
′

=
′

⋅=
′








 OOOO

R

ñññññññ =

( ) ññO
ñO

ñ
ñOññ

ñO

N O
O +=⋅+⋅= =

O

P

O

P

O

P

O

N
N

O

N
O

ñ
O

R
ñOñ

O

N
ñOñ

O

N
=+=+=

+−
K=

=
=
Example 48.  

( )
ñ

O
ñó = K=

Solution. 
`çãéìíÉ=íÜÉ=ÇÉêáî~íáîÉ=çÑ=íÜáë=ÑìåÅíáçå=ìëáåÖ=íÜÉ=èìçíáÉåí=êìäÉW=

( )
OOOO ñ

O

ñ

OM

ñ

NOñM

ñ

ñOñON

ñ

O
ñó −=

−
=

⋅−⋅
=

′⋅−⋅
=

′






=′ K=
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4. THE PRODUCT AND QUOTIENT RULE  

Example 49.  
cáåÇ=~=Ñçêãìä~=Ñçê=íÜÉ=ÇÉêáî~íáîÉ=çÑ=~=åÉÖ~íáîÉ=éçïÉê==

( ) åññó −= K=

Solution. 
tÉ=Å~å=ïêáíÉ=íÜÉ=ÑìåÅíáçå=~ë==

( )
åñ

N
ñó = K=

eÉåÅÉI=Äó=íÜÉ=èìçíáÉåí=êìäÉI=íÜÉ=ÇÉêáî~íáîÉ=áë=

( ) ( )
( )Oå

åå

å
ñ

ñNñN

ñ

N
ñó

′
⋅−⋅′

=
′







=′ =

NåNååOåO

Nåå

ñ

å

ñ

å

ñ

åññM
++−

−

−=−=
−⋅

= K=

=
=
Example 50.  

( )
OñP

PñO
ñÑ

+
−

= K=

Solution. 
_ó=íÜÉ=èìçíáÉåí=êìäÉI==

( ) ( ) ( ) ( )(
( )

)
OOñP

OñPPñOOñPPñO

OñP

PñO
ñÑ

+

′+−−+′−
=

′








+
−

=′ =

( ) ( )
( ) ( ) ( )OOO OñP

NP

OñP

VñSQñS

OñP

PPñOOñPO

+
=

+
+−+

=
+

⋅−−+⋅
= K=

=
=
Example 51.  

( ) ( )( )Äñ~ññó −+= I=ïÜÉêÉ=~I=Ä=~êÉ=Åçåëí~åíëK=

Solution. 
rëÉ=íÜÉ=éêçÇìÅí=êìäÉW=
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4. THE PRODUCT AND QUOTIENT RULE 

( ) ( )( )[ ] ( ) ( ) ( )( )′−++−′+=′−+=′ Äñ~ñÄñ~ñÄñ~ññó =
( ) ( ) ~ÄñO~ñÄñN~ñÄñN +−=++−=⋅++−⋅= K=

=
=
Example 52. 

( )
OñN

ñO
ñó

−
= K=

Solution. 
rëÉ=íÜÉ=èìçíáÉåí=êìäÉW=

( ) ( ) ( ) ( )( )
( )OO

OO

O
ñN

ñNñOñNñO

ñN

ñO
ñó

−

′
−−−′

=
′









−
=′ K=

aáÑÑÉêÉåí êÉëëáçåë=áå=íÜÉ=Äê~ÅâÉíë=~åÇ=ëáãéäáÑóW=á~íÉ=íÜÉ=Éñé

( ) ( ) ( )( )
( ) ( )

( )
( )OO

O

OO

OO

OO

O

ñN

ñNO

ñN

ñQñOO

ñN

ñOñOñNO
ñó

−

+
=

−

+−
=

−

−−−
=′ K=

=
=
Example 53.  

( )
O

O

ññN

ññN
ñó

+−
−+

= K=

Solution. 
rëÉ=íÜÉ=èìçíáÉåí=êìäÉW=

( )
′









+−
−+

=′
O

O

ññN

ññN
ñó =

( ) ( ) ( )( )
( )OO

OOOO

ññN

ññNññNññNññN

+−

′
+−−+−+−

′
−+

= K=

aáÑÑÉêÉåíá~íÉ=íÜÉ=ÑìåÅíáçåë=áå=íÜÉ=åçãáå~íçêW=
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4. THE PRODUCT AND QUOTIENT RULE  

( ) ( )( ) ( )( )
( )OO

OO

ññN

ñONññNññNñON
ñó

+−

+−−+−+−−
=′ K=

páãéäáÑóW=

( ) ( ) ( )
( )OO

POOPOO

ññN

ñOñOñOññNñOñOñOññN
ñó

+−

−+++−−−−+−+−
=′ =

( )OO

POOPOO

ññN

ñOñOñOññNñOñOñOññN

+−

+−−−++−+−+−
= =

( )OOññN

ñQO

+−

−
= K=

=
=
Example 54.  
cáåÇ=íÜÉ=ÇÉêáî~íáîÉ=çÑ=í~åÖÉåí=ÑìåÅíáçå= ( ) ñí~åñó = =Äó=ìëáåÖ=íÜÉ=
èìçíáÉåí=êìäÉK=

Solution. 

ñÅçë

ñëáå
ñí~å = I=ëç=íÜ~íI=ìëáåÖ=íÜÉ=èìçíáÉåí=êìäÉI=ïÉ=çÄí~áå=

( ) ( ) ( ) (
( )

)
OñÅçë

ñÅçëñëáåñÅçëñëáå

ñÅçë

ñëáå
ñí~åñó

′−′
=

′






=′=′ K=

páåÅÉ= ( ) ( ) ñëáåñÅçëIñÅçëñëáå −=′=′ I=ïÉ=Ü~îÉ=

( ) ( )
( ) ( ) ñÅçë

N

ñÅçë

ñëáåñÅçë

ñÅçë

ñëáåñëáåñÅçëñÅçë
ñí~å

OO

OO

O
=

+
=

−−
=′ K=

eÉêÉ=ïÉ=ìëÉÇ=íÜÉ=íêáÖçåçãÉíêáÅ=áÇÉåíáíó=

NñÅçëñëáå OO =+ K==
=
=
Example 55.  
cáåÇ= íÜÉ= ÇÉêáî~íáîÉ= çÑ= Åçí~åÖÉåí= ÑìåÅíáçå= ( ) ñÅçíñó = = ìëáåÖ= íÜÉ=
èìçíáÉåí=êìäÉK=
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4. THE PRODUCT AND QUOTIENT RULE 

Solution. 
tÉ=Å~å=ïêáíÉ=

( )
ñëáå

ñÅçë
ñÅçíñó == K=

_ó=èìçíáÉåí=êìäÉI=íÜÉ=ÇÉêáî~íáîÉ=áë==

( ) ( ) (
( )

)
Oñëáå

ñëáåñÅçëñëáåñÅçë

ñëáå

ñÅçë
ñÅçí

′−′
=

′






=′ K=

páåÅÉ= ( ) ( ) ñëáåñÅçëIñÅçëñëáå −=′=′ I=ïÉ=Ü~îÉ=

( )
( ) ( ) ñëáå

N

ñëáå

ñëáåñÅçë

ñëáå

ñÅçëñÅçëñëáåñëáå
ñÅçí

OO

OO

O
−=

+
−=

−−
=′ K=

eÉêÉ=ïÉ=ìëÉÇ=íÜÉ=íêáÖçåçãÉíêáÅ=áÇÉåíáíó=

NñÅçëñëáå OO =+ K==
=
=
Example 56.  

( )
ñÅçëN

ñëáå
ñó

+
= K=

Solution. 
rëÉ=íÜÉ=èìçíáÉåí=êìäÉW=

( ) ( ) ( ) ( )
( )OñÅçëN

ñÅçëNñëáåñÅçëNñëáå

ñÅçëN

ñëáå
ñó

+

′+−+′
=

′








+
=′ K=

páåÅÉ= ( ) ( ) ñëáåñÅçëIñÅçëñëáå −=′=′ I=ïÉ=Ü~îÉ=

( ) ( ) ( )
( )OñÅçëN

ñëáåñëáåñÅçëNñÅçë
ñó

+
−−+

=′ =

( ) ( ) ñÅçëN

N

ñÅçëN

ñÅçëN

ñÅçëN

ñëáåñÅçëñÅçë
OO

OO

+
=

+
+

=
+

++
= K=

tÉ=ìëÉÇ=ÜÉêÉ=íÜÉ=íêáÖçåçãÉíêáÅ=áÇÉåíáíó==

NñÅçëñëáå OO =+ ==
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4. THE PRODUCT AND QUOTIENT RULE  

íç=ëáãéäáÑó=íÜÉ=~åëïÉêK=
=
=
Example 57.  
iÉí= K= aáÑÑÉêÉåíá~íÉ= íÜÉ= ÖáîÉå= ÑìåÅíáçå= åçí= ìëáåÖ= íÜÉ=
ÅÜ~áå=êìäÉK=

( ) ñëáåñó O=

Solution. 
tÉ=Å~å=ïêáíÉ==

( ) ñëáåñëáåñó = K=
_ó=íÜÉ=éêçÇìÅí=êìäÉI=

( ) ( ) ( ) ( )′+′=′=′ ñëáåñëáåñëáåñëáåñëáåñëáåñó K=

páåÅÉ= ( ) ( ) ñëáåñÅçëIñÅçëñëáå −=′=′ I=ïÉ=Ü~îÉ=
( ) ñÅçëñëáåOñÅçëñëáåñëáåñÅçëñó =+=′ K=

rëÉ=íÜÉ=ÇçìÄäÉ=~åÖäÉ=Ñçêãìä~=
ñÅçëñëáåOñOëáå = K=

pç=íÜ~í=íÜÉ=ÇÉêáî~íáîÉ=áë==
( ) ñOëáåñó =′ K=

=
=
Example 58.  

( )
ÇÅñ

Ä~ñ
ñÑ

+
+

= I=ïÜÉêÉ=~I=ÄI=ÅI=~åÇ=Ç=~êÉ=Åçåëí~åíëK=

Solution. 
rëÉ=íÜÉ=èìçíáÉåí=êìäÉW=

( ) ( ) ( ) ( )(
( )

)
OÇÅñ

ÇÅñÄ~ñÇÅñÄ~ñ

ÇÅñ

Ä~ñ
ñÑ

+

′++−+′+
=

′








+
+

=′ =

( ) ( )
( ) ( ) ( )OOO ÇÅñ

ÄÅ~Ç

ÇÅñ

ÄÅ~Åñ~Ç~Åñ

ÇÅñ

ÅÄ~ñÇÅñ~

+
−

=
+

−−+
=

+
⋅+−+⋅

= K=

têáíÉ=íÜÉ=åçãáå~íçê=ìëáåÖ=ÇÉíÉêãáå~åíW=
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4. THE PRODUCT AND QUOTIENT RULE 

ÇÅ

Ä~
ÄÅ~Ç =− K=

pç=íÜ~í=íÜÉ=ÇÉêáî~íáîÉ=áë=

( )
( )OÇÅñ

ÇÅ

Ä~

ÇÅñ

Ä~ñ
ñÑ

+
=

′








+
+

=′ K=

=
=
Example 59.  

( ) ( )( )OO ~~ññ~ññó ++−= I=ïÜÉêÉ=~=áë=~=Åçåëí~åíK=

Solution. 
^ééäó=íÜÉ=éêçÇìÅí=êìäÉ=~åÇ=ëáãéäáÑóW=

( ) ( )( )[ ]′++−=′ OO ~~ññ~ññó =

( ) ( ) ( )( )′++−+++′−= OOOO ~~ññ~ñ~~ññ~ñ =

( ) ( ) ( )~ñO~ñ~~ññN OO +⋅−+++⋅= =
OOOOO ñP~~ñ~ñOñO~~ññ =−+−+++= K=

=
=
Example 60.  
( ) ( )( )PQO íRíUíOííë −++= K=

Solution. 
^ééäó=íÜÉ=éêçÇìÅí=êìäÉ=íç=ÅçãéìíÉ=íÜÉ=ÇÉêáî~íáîÉK=

( ) ( )([ ]) ′−++=′ PQO íRíUíOííë =

( ) ( ) ( )( )′−+++−
′

++= PQOPQO íRíUíOííRíUíOí =

( )( ) ( )( )OPOPQ íNRíQUíOííRíOíO −+++−+= =

( )PQQR íNMíNMíOíO −−+= =

( )OPQPQR íNOMíPMíNRíPOíUíQ −−−+++ =
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4. THE PRODUCT AND QUOTIENT RULE  

( ) ( )OPQRPQR íNOMíOíTíQíNMíUíO −+−+−−= =

( )NOMíUíNRíSííNOMíUíNRíS OPOOPQR −−−=−−−= K=
=
=
Example 61.  

( ) ñÅçëñëáåOñó = K=

Solution. 
^ééäó=íÜÉ=éêçÇìÅí=êìäÉW=

( ) ( ) ( ) 



 ′+′=′ ñÅçëëáåñÅçëñëáåOñó K=

páåÅÉ= ( ) ( ) ñëáåñÅçëIñÅçëñëáå −=′=′ I=ïÉ=çÄí~áå=

( ) ( )( ) ( )ñëáåñÅçëOñëáåñëáåñÅçëñÅçëOñó OO −=−+=′ K=
páãéäáÑó=íÜÉ=~åëïÉê=ìëáåÖ=íÜÉ=ÇçìÄäÉ=~åÖäÉ=Ñçêãìä~W=

ñëáåñÅçëñOÅçë OO −= K=
qÜÉå==

( ) ñOÅçëOñó =′ K=
EqÜÉ=~åëïÉê=áë=çÄîáçìë=ÄÉÅ~ìëÉ=íÜÉ=çêáÖáå~ä=ÑìåÅíáçå=Å~å=ÄÉ=ïêáí�
íÉå=~ë= ( ) ñOëáåñÅçëñëáåOñó == FK=
=
=
Example 62.  

( ) ( )( )α−αα+α= ëáåÅçëñÅçëëáåññó I=ïÜÉêÉ=α=áë=~=Åçåëí~åí==
~åÖäÉK=

Solution. 
eÉêÉ=Åçëα=~åÇ=ëáåα=~êÉ=Åçåëí~åíëK=qÜÉå=Äó=íÜÉ=éêçÇìÅí=êìäÉI=

( ) ( )( )[ ]′α−αα+α=′ ëáåÅçëñÅçëëáåññó =

( ) ( α−α )′α+α= ëáåÅçëñÅçëëáåñ =

( )( )′α−αα+α+ ëáåÅçëñÅçëëáåñ =
( )( ) ( )( )MÅçëÅçëëáåñëáåÅçëñMëáå −αα+α+α−α+α= =
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4. THE PRODUCT AND QUOTIENT RULE 

( ) ( ) αα+α+α−αα= ÅçëÅçëëáåñëáåÅçëñëáå =

α+αα+α−αα= OO ÅçëÅçëëáåñëáåÅçëëáåñ =
α−α+⋅αα= OO ëáåÅçëñÅçëëáåO K=

rëÉ=íÜÉ=ÑçääçïáåÖ=íêáÖçåçãÉíêáÅ=áÇÉåíáíáÉëW=
αα=α ÅçëëáåOOëáå I=

α−α=α OO ëáåÅçëOÅçë K=
qÜÉå=ïÉ=Ü~îÉ==

( ) α+⋅α=′ OÅçëñOëáåñó K=
=
=
Example 63.  

( ) ( )( )OñPNñOññó ++= K=

Solution. 
tÉ= Å~å= ÑáåÇ= íÜÉ= ÇÉêáî~íáîÉ= çÑ= íÜÉ= ÖáîÉå= ÑìåÅíáçå= Äó= ãìäíáéäóáåÖ=
çìí=ÑáêëíK=få=íÜáë=Å~ëÉI=ïÉ=Ü~îÉ=

( ) ( )( ) ( )OñQñPñSñOñPNñOññó O +++=++= =

KñOñTñS OP ++= =
qÜÉ=ÇÉêáî~íáîÉ=çÑ=íÜáë=áë==

( ) ( ) OñNQñNUñOñTñSñó OOP ++=
′

++=′ K=
kçï=~ééäó=íÜÉ=éêçÇìÅí=êìäÉ=EíïáÅÉF=íç=ÇáÑÑÉêÉåíá~íÉ=íÜáë=ÑìåÅíáçåK=

( ) ( )( )[ ] ′++=′ OñPNñOññó =

( )[ ] ( ) ( )[ ] ( )′+⋅+++⋅′+= OñPNñOñOñPNñOñ =

( ) ( ) ( ) ( )[ ] PNñOñOñPNñOñNñOñ ⋅+++⋅



 ′+⋅++⋅′= =

( )[ ]( ) ( )NñOñPOñPOñNñON +++⋅++⋅= =

[ ]( ) ñPñSOñPñONñO O +++++= =

( )( ) ñPñSOñPNñQ O ++++= =

ñPñSOñUñPñNO OO +++++= =
OñNNñNU O ++= K=
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fí=áë=É~ëó=íç=ëÜçï=EëÉÉ=mêçÄäÉã=64FI=íÜ~í=áÑ=~=ÑìåÅíáçå=áë=~=Ñ~Åíçê=çÑ=
P=çíÜÉê=ÑìåÅíáçåëW=
( ) ( ) ( ) ( )ñïñîñìñÑ = I=

áíë=ÇÉêáî~íáîÉ=áë==
( ) ïìîïîìîïìñÑ ′+′+′=′ K=

qÜáë=Ñçêãìä~=~ääçïë=íç=ÑáåÇ=íÜÉ=ÖáîÉå=ÇÉêáî~íáîÉ=ÇáêÉÅíäóK===
=
=
Example 64.  
iÉí= ( ) ( ) ( ) ( )ñïñîñìñ =Ñ K=cáåÇ=~=Ñçêãìä~=Ñçê=Ñ=∞EñFK=

Solution. 
^ééäó=íÜÉ=éêçÇìÅí=êìäÉ=íïáÅÉK==qÜÉå=íÜÉ=ÇÉêáî~íáîÉ=áë==

( ) ( ) ( ) ( )( ) ( ) ( )[ ] ( ) ( ) ( )[ ] ( )′+′=′=′ ñïñîñìñïñîñìñïñîñìñÑ =
páåÅÉ=

( ) ( )[ ] îìîìñîñì ′+′=′ I=
ïÉ=çÄí~áå=íÜÉ=ÑçääçïáåÖ=Ñçêãìä~=

( ) ( ) ( ) ïìîïîìîïìïìîïîìîììîïñÑ ′+′+′=′+′+′=′=′ K=
=
=
Example 65.  
aáÑÑÉêÉåíá~íÉ=íÜÉ=ÑçääçïáåÖ=ÑìåÅíáçå=åçí=ìëáåÖ=íÜÉ=ÅÜ~áå=êìäÉK=

( ) ( )PO NññÑ −= K=

Solution. 
rëÉ=íÜÉ=Ñçêãìä~=ÖáîÉå=áå=mêçÄäÉã=64W=

( ) ïìîïîìîïììîï ′+′+′=′ K=
tÉ=Å~å=ïêáíÉ=íÜÉ=ÑìåÅíáçå=~ë=
( ) ( )( )( )NñNñNññÑ OOO −−−= K=

qÜÉ=ÇÉêáî~íáîÉ=áë==

( ) ( ) ( )( )NñNñNññÑ OOO −−
′

−=′ =
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( )( ) ( ) ( )( )( )′−−−+−
′

−−+ NñNñNñNñNñNñ OOOOOO =

( )( ) ( ) ( ) ( )( ) ñONñNñNññONñNñNññO OOOOOO ⋅−−+−⋅⋅−+−−= =

( )( ) ( )OOOO NññSNñNññOP −=−−⋅= K=
=
=
Example 66.  

( ) ( )( )( )PñRñOQñPññó OO +−++= K=

Solution. 
rëÉ=íÜÉ=Ñçêãìä~=ÖáîÉå=áå=mêçÄäÉã=64W=

( ) ïìîïîìîïììîï ′+′+′=′ K=
pìééçëáåÖ=íÜ~í==

( ) QñPññì O ++= I==
( ) RñOñî −= I=

( ) Pññï O += I==
ïÉ=Ü~îÉ==

( ) ( ) ( )( ) ( )( ) ( )PñRñOQñPñPñRñOQñPññó OOOO +′−++++−
′

++=′ =

( )( )( )′+−+++ PñRñOQñPñ OO =

( )( )( ) ( ) ( )PñOQñPñPñRñOPñO OOO +⋅⋅++++−+= =

( )( ) ñORñOQñPñ O ⋅−+++ K=
páãéäáÑó=íÜÉ=ÉñéêÉëëáçåW=

( ) ( )( ) ( )( )SñOQñPñPñNRñQñQñó OOOO +++++−−=′ =

( )( )ñNMñQQñPñ OO −+++ =

( )QRñNOñNOñNRñQñQ OOPQ −−+−−= =

( )OQñNUñSñUñSñO OOPQ ++++++ =

( )ñQMñPMñNMñNSñNOñQ OPOPQ −−−+++ K=
pç=íÜ~í==

( ) ONñPQñPñQñNMñó OPQ −−−+=′ K=
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Example 67.  
cáåÇ= ~= ÖÉåÉê~ä= Ñçêãìä~= íç= ÇáÑÑÉêÉåíá~íÉ= ~= êÉÅáéêçÅ~ä= NLÑEñF= çÑ= ~=
ÑìåÅíáçå=ÑEñFK==

Solution. 

iÉí= ( ) ( )ñÑ

N
ñó = K=_ó=íÜÉ=èìçíáÉåí=êìäÉI=íÜÉ=ÇÉêáî~íáîÉ=áë=

( ) ( )
( ) ( )

( )ñÑ

ñÑNñÑN

ñÑ

N
ñó

O

′⋅−⋅′
=

′









=′ =

( ) ( )
( )

( )
( )ñÑ

ñÑ

ñÑ

ñÑNñÑM
OO

′
−=

′⋅−⋅
= K=

pç=ïÉ=ÖÉí=íÜÉ=êÉÅáéêçÅ~ä=êìäÉ=Ñçê=ÇÉêáî~íáîÉW=

( )
( )
( )ñÑ

ñÑ

ñÑ

N
O

′
−=

′









K=

=
=
Example 68.  

( )
OS ñRñ

N
ñó

+
= K=

Solution. 
rëÉ=íÜÉ=êÉÅáéêçÅ~ä=êìäÉ=áå=bñ~ãéäÉ=67=íç=ÑáåÇ=íÜÉ=ÇÉêáî~íáîÉW=

( )
( )
( )ñÑ

ñÑ

ñÑ

N
O

′
−=

′









K=

eÉåÅÉ=

( ) ( )
( ) ( )OOS

R

OOS

OS

OS
ñRñ

ñNMñS

ñRñ

ñRñ

ñRñ

N
ñó

+

+
−=

+

′
+

−=
′









+
=′ K=

=
=
=
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Example 69.  
( ) ñëÉÅñó = K=

Solution. 
rëÉ=íÜÉ=êÉÅáéêçÅ~ä=êìäÉ=Ñçê=íÜÉ=ÇÉêáî~íáîÉW=

( )
( )
( )ñÑ

ñÑ

ñÑ

N
O

′
−=

′









K=

qÜÉ=ÇÉêáî~íáîÉ=áë=

( ) ( ) ( )
ñÅçë

ñÅçë

ñÅçë

N
ñëÉÅñó

O

′
−=

′






=′=′ =

( )
ñëÉÅñí~å

ñÅçë

ñëáå

ñÅçë

ñëáå
OO

==
−

−= K=

=
=
Example 70.  

( ) ñÅëÅñó = K=

Solution. 
rëÉ=íÜÉ=Ñçêãìä~=Ñçê=íÜÉ=ÇÉêáî~íáîÉ=çÑ=êÉÅáéêçÅ~ä=ÑìåÅíáçåW=

( )
( )
( )ñÑ

ñÑ

ñÑ

N
O

′
−=

′









K=

qÜÉ=ÇÉêáî~íáîÉ=áë=

( ) ( ) ( )
ñëáå

ñëáå

ñëáå

N
ñÅëÅñó

O

′
−=

′






=′=′ =

ñÅëÅñÅçí
ñëáå

ñÅçë

ñëáå

ñÅçë
OO

−=−=−= K=
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