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Preface

This ebook is intended for all students who study multiple var-
iable calculus, and considers 50 typical problems with use of dou-
ble integrals, solved step-by-step. It is well-suited for use in inde-
pendent study or as a reference.

Topics include: Definition and Properties of Double Integrals, It
erated Integrals, Double Integrals over Rectangular Regions,
Double Integrals over General Regions, Change of Variables in
Double Integrals, Integration in Polar Coordinates, and Applica-
tions of Double Integrals. Each of the chapters includes appropri-
ate definitions and formulas followed by solved problems.

Studying and solving these problems helps you cut study time, in-

crease problems solving skills and achieve your personal best on
calculus exams!
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Chapter 6

Double Integrals
in Polar Coordinates

We can also apply the change of variables to the polar coordinate
transformation (see Figure 26):

x=rcos0, y=rsin0.

Figure 26.

The Jacobian determinant for this transformation is

ox  0x| |6(rcose) d(rcos0)
aboy) _[or o0|_| o 20
a(r,0) [0y Oy d(rsin®) A(rsin0)

or 00 or 00
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6. DOUBLE INTEGRALS IN POLAR COORDINATES

cosO —rsin0

=cos0-rcos®—(—rsinB)-sinO

sin® rcosO
2 2 2 . 2
=rcos” O+rsin Gzr(cos 0+ sin 9>=r.

As a result, the differential dxdy for polar coordinates is

drdO =rdrdO .

dxdy = ‘a(x,y)

d(r,0)

Let the region R is determined as follows (Figure 27):

0<g(0)<r<h(6), a <O<P,where f—a <2r.

2
0=
of
h(®)
R _b8=a
J .
/90
i oo
o X
Figure 27.

Then we obtain the formula for change of variables in polar coor-
dinates:
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6. DOUBLE INTEGRALS IN POLAR COORDINATES

h(0

B h(0)
”f(x,y)dxdy = I f(rcos®,rsin0)rdrdd.
R o )

g0
If the region R is the so-called polar rectangle given by

0<a<r<b, a<0<p,where p—a<2m,

and shown in Figure 28.

y
Bfﬁ
/
9/=C¢
/ r=>b
L/
X
0
Figure 28.

Then the formula for change of variables can be written as
B b
” f(x,y)dxdy = .” f(r cos 0, rsinO)rdrd6.
R o a

Be careful not to forget the factor r (the Jacobian) in the right-
hand side of the formula!

See also chapter 7 where we consider calculation of areas and
volumes using polar coordinates.
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6. DOUBLE INTEGRALS IN POLAR COORDINATES

SOLVED PROBLEMS

Example 31.
Calculate the integral by transforming to polar coordinates.

J‘J‘(x2 +y’? }iydx , where R is the sector 0<0 < g of a circle with
R

radius r= \/5 .
Solution.

The region of integration R is the polar rectangle

R:{(r,6)|0£r£\/§,0£6£§} (see Figure 29).

0=m/2

N

J =i}
0 r=i3 0
Figure 29.

So using the formula
B b
” f(x,y)dxdy = j I f(r cos 8, rsin )rdrdo,
R o a

we have

%
_”(Xz +y’ )1de = J.zfr2 (cos2 0+ sin’ G)rdrde
R 00
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6. DOUBLE INTEGRALS IN POLAR COORDINATES

N
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do J.r3dr = 9|:A [r_]
o 4
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0

Example 32.
Evaluate the integral J. _[xydydx , where R is the region that lies be-
R

tween the circles x’ +y° =1and x’ +y* =5.

Solution.

Figure 30.

In polar coordinates, the region of integration R is the polar rec-
tangle (Figure 30):

R={(r,9)|1£r£x/§,03932n}.

So using the formula

”f(x,y)dxdy = _ﬁf(r cos 0,rsin O)rdrdo,
R o a

we can write



6. DOUBLE INTEGRALS IN POLAR COORDINATES

” xydydx = Tfr cosOrsin Ordrd0
R 01

2n \/g 1 2n \/g
= Isin@cosGdGIrSdr =5.[sin29defr3dr
0 1 0 1

_1(_ cosZB)zn. ﬁ
2L 2 ), |4

NG

= i(— cos4m+ cosO)&(ZS - 1)

1

1 24
=—(-1+1)-=—==6.
4( ) 4
Example 33.

Evaluate J. _[ sin0drdO , where R is the region enclosed by the cardi-
R

oid r=1+cos0.
Solution.

e
@

Figure 31.



6. DOUBLE INTEGRALS IN POLAR COORDINATES

In polar coordinates, the integral can be written as
21 1+cos6 2n |:1+cose

” sin0drd6 = I Idrde = I J.dr} sin6do

R 0 0 0 0

:

(sin 0 + cosOsin O)de = Tsin 0do + T
0

0
= (— cos 6)'3“ + %(— cos ZGJ

2n
;mse ]sin 0d0 = J.(l +cos0)sin0dO
0

sin20
2

do

c'-—.§ o'—-.';."

2n
2 0
1 1
= —c052n+cosO—Zcos4n+Zc050

—_1+1-141o,
4 4

Example 34.
Calculate the double integral ”(X2 +y’ )dxdy, where R is the re-
R

gion enclosed by the circle x* +y* =2x.

Solution.

The region of integration R is indicated in Figure 32.
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6. DOUBLE INTEGRALS IN POLAR COORDINATES

B
&

Figure 32.

We can transform the equation of the circle as
x’+y’ =2x,
x'-2x+1+y* =1,

(x—l)2 +y’=1.

Substituting the expressions x =rcos6, y=rsin6, we obtain the
equation of the circle in polar coordinates.

x>+ y2 =2x,

r’cos’0+r’sin’0=2rcosH,

r’ (cos2 0+ sin’ 6): 2rcos0,

r=2cos0.

The pullback S of the region R is shown in Figure 33.
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6. DOUBLE INTEGRALS IN POLAR COORDINATES

'."Ca"2|—
S

| r

0‘ /2

—m/2 !

Figure 33.

Then the double integral in polar coordinates can be written as

JRJ(Xz +y* Jixdy = j [(* cos?0-+ 1 sin? 0 rdrde
- j [r*drdo= f |:2Cj-593drj|de I [( rt ] :mse}de

Tyl o
%
=4 J-cos 0d6 =4 j [M] do
A
= [ (1+2c0520 +cos” 20}40 = I(1+2cosze+w},e
2
g 3
7 3 1 3 1 7
= J‘ (—+2c0526+—cos4ejde:[_9+Sin26+_sin4e}
2 2 ) . )
Ty 3}

T 1 3T . 1.
-—+sint+—-sin2w || ——-—— SINTT——sSIn27
2 8 8

Il
7\
A Nw

™|
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6. DOUBLE INTEGRALS IN POLAR COORDINATES

Example 35.
Compute the double integral ” sin/x’ +y’dxdy by transform
R

ing to polar coordinates. R is the disk x> +y* <.

Solution.

The region R is indicated in Figure 34.

y

Figure 34.

The pullback S of the given region R can be written in the form
S= {(r,9)| 0<r<m,0<0< Zn} (see Figure 35).

0
2

Figure 35.
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6. DOUBLE INTEGRALS IN POLAR COORDINATES

The double integral in polar coordinates becomes

I= ”sinw/x2 +y’dxdy = ”sin\/rz cos’0+r’sin’ 0 rdrdd
R S

27 b T
= ”r sinrdrd6 = jd@jr sinrdr = ZTEII' sinrdr.
S 0 0 0
We compute this integral using integration by parts:

b b
J.udv = (uv)|: - J-vdu .

Let u=r, dv=sinrdr. Then du=dr, V:Jsinrdr:—cosr.

Hence,

I= ZRIrsin rdr = 27{(— rcos r]: - j(— cos r)dr}
0

0

= 27{(— rcos r]z + ]c.cos rdr}

0
= 271[(— rcos r)LT; + (sinr)m
= 2n(sinr —TrCos rlz
= 2n[(sinn —ncosn)—(sin0—0- cosO)]

=2n-m=2m".
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