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Preface

This ebook is intended for calculus students and instructors and
gives a complete overview of surface integrals. It contains 50
completely worked problems with full solutions. The sample
problems cover such topics as Surface Integrals of Scalar Func-
tions, Surface Integrals of Vector Fields, The Divergence Theo-
rem, Stoke’s Theorem, and Applications of Surface Integrals. Each
chapter begins with a brief statement of definition and theory
accompanied by original problems and others modified from
existing literature. Any problem or type of problems pertinent to
the student's understanding of the subject is included. This study
guide is well suited for preparation before an exam.
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Chapter 4
Stoke’s Theorem

Let S be a smooth surface with a smooth bounding curve C. Then
for any continuously differentiable vector function

F(x,y,2)=(P(x,y,2),Q(xy,2) R(x,y,2))

Stoke’s Theorem states
§E-di = [[(vxE)-d8,
C S

where

k

o]_[R_2Q ;+(5_P_8_Rj;+ Q_ o
ox oy 0z 0z 0Ox ox Oy
R

is the curl of F, also denoted curl F.

The symbol {) indicates that the line integral is taken over a

closed curve.
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4. STOKE’S THEOREM

Figure 14.

We assume there is an orientation on both the surface and the
curve that are related by the right hand rule. That is, if you were
to walk around the curve in its preferred direction with your head
pointing in the same direction as the normal vector n to the sur-
face, then the surface would always be on your left (see Figure 14).

Stoke’s Theorem relates line integrals of vector fields to surface
integrals of vector fields.

In coordinate form Stoke’s Theorem can be written as

§de+ Qdy +Rdz

-] R_AQ |y, (a—P—a—R)dd Q_P i
oy oz oz ox ox oy)
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4. STOKE’S THEOREM

SOLVED PROBLEMS

Example 25.
Show that the line integral j;yzdx + xzdy + xydz is zero along any
[}

closed contour C.

Solution.

Let S be a surface bounded by a closed curve C. Applying Stoke’s
formula, we identify that

P=yz, Q=xz, R=xy.

Then

o[ R (2R, (202,
oy oz 0z 0x 0x Oy

=(x—x)i+(y-y)j+(z-2)k
=0-i+0-j+0-k=0.
Hence
§yzdx+xzdy+xydz=Ij(VxF)~d§=”6d§=0,
C S S

so the statement is proved.

Example 26.
Use Stoke’s Theorem to evaluate the line integral

it;(y +2z)dx +(x +2z)dy + (x + 2y)dz , where C is the curve formed

C
by intersection of the sphere x* +y* +z* =1 with the plane
X+2y+22=0.
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4. STOKE’S THEOREM

Solution.

Let S be the circle cut by the sphere from the plane. The unit
normal vector n is

1i+2-j+2k 1+ 2 2-
=—i+—j+—-k.
37 3

JiE+22+22 3
We identify that
P=y+2z,Q=x+2z, R=x+2y.

Then the curl of F is
VxF: a_R_a_Q ;+(6_P_6_Rj_j+ a_Q_a_P 12
0y Oz 0z 0Ox ox Oy

=(2-2)i+(@2-1)j+(1-1k=j.

n=

Using Stoke’s Theorem, we have
I= ﬁ(y +2z)dx + (x +2z)dy + (x + 2y )dz
C

=g(V><F)-d§=Lj(VxF)-ﬁdS
= J'SJ‘]GI +§} +§f<jds =§.Uds.

Since the sphere x*+y®+z’ =1 is centered at the origin and the
plane x +2y+2z =0 also passes through the origin, the cross sec-

tion is the circle of radius 1. Hence the integral is

2 2 2
I=§£Id8=g-n~12=?n.
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4. STOKE’S THEOREM

Example 27.

Use Stoke’s Theorem to evaluate the line integral
2 2
it;(x +2z)dx +(x — y)dy + xdz, where C is the ellipse XT +% =1,

C

z=1 (Figure 15).

zZ
=

8

S

= —% 3 ¥

2
X
Figure 15.

Solution.

Let the surface S be the part of the plane z=1 bounded by the

ellipse. Obviously that the unit normal vector is 1 = k . Since
P=x+z,Q=x-vy, R=x,
we obtain

VxF:(a—R—a—QJY+(a—P—a—Rj}+(a—Q—a—P]E
oy Oz 0z 0Ox ox Oy
=(0-0)i +(1-1)j +(1-0)k=k.

Then by Stoke’s Theorem,
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4. STOKE’S THEOREM

il;(XJFZ)dXJF(X y)dy + xdz
=[]} = []{vxF) nas

S

- [ s Jfo.

The double integral ” dS is the area of the ellipse which is
S

”dS=n~2-3=6n.
S

Example 28.
Use Stoke’s Theorem to evaluate the line integral

ii;ysdx —x’dy +2z°dz , where C is the intersection of the cylinder

x’+y’ =a’ and the plane x+y+z=b.
Solution.

We suppose that S is the part of the plane cut by the cylinder. The
curve C is oriented counter-clockwise when viewed from the end
of the normal vector n which has coordinates

S Li+l-j+1-k 1~ 1~
N GRS GENT \/_

Since P=y’, Q=—x,andR=z we have

VxEe [a_R_a_Qj +(8_P_6_Rj, (a_Q_a_PJk
oy 0z 0z 0Ox ox Oy
=(0-0)i +(0—0) + (- 3x* - 3y* k =—3(x* + y* k.

Applying Stoke’s Theorem, we find that
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4. STOKE’S THEOREM

§;y3dx —x’dy +z°dz= ”(V x F)- ds
C

jsj(vXF) fids = ”( 3(x? +y2 k) [%I+%]+%EJ(15
e s e

The projection of the surface S onto the xy-plane is the circle
x’+y>=a’ of radius a. Therefore, representing the equation of
the plane in the form z=b—x -y and using the formula

”dS: ” \/1+(2—Zj (2;} dxdy (see Chapter 1),
s D(xy) x

we obtain

I=—/3a" HdS——\/_a jNH (=1 dxdy

=-3a’ ”dxdy:—.%a -ma’ =-3ma*.

D(x,y)

Example 29.
Use Stoke’s Theorem to evaluate the line integral

§;x2y3dx +2dy +zdz , where C is the circle in the xy-plane given by

C

the equation x’ +y” =1. The surface S is the upper hemisphere
x*+y*+2° =1.
Solution.

We identify that P =x’y*,Q=2,R =z. Therefore, the curl of F is

Vxie [a_R_a_Q) +(6_P_8_Rj, (a_Q_a_P]k
oy Oz 0z 0Ox ox Oy
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4. STOKE’S THEOREM

=(0-0)i +(0-0)j +(~3xy? Jk = (- 3x?y* k.
Since the equation of the upper hemisphere (at z>0) is

=,/1-x* —y?, the vector area element of the surface (oriented
upwards) is

dS= (—%1 —@] +kjdxdy
ox Oy

X ire X < T
_(\/1_)(2_ - 1+\/1_ — ]+dexdy.
y X -y

(It is supposed that the contour C is traversed in the counter
clockwise direction if looking from the positive z-axis).

The line integral can be found through the surface integral:
I= §x2y3dx +2dy +zdz= ”(V X f?) ds
C S

= jj ~3x’y? {J _XX — \/1 po— ;+Rdedy

=-3 Hx y’dxdy.

By changing to polar coordinates, we obtain
I=-3 ”xzyzdxdy =-3 Hrz cos’ @-r’sin’ ¢-rdrde
D(r,)

:_Z ” (2sinpcoso)'r drd(p——— ” sin2¢) r*drde

D(rtp) Dr<p

= % ” 1-cos4¢)r’drde .

D(r,0)
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4. STOKE’S THEOREM

The region of integration D(r,¢) is the circle x* +y* <1. There-

fore
3 s 3275 1 s
I=— ”(l—cos4(p)r drd(p:——j(l—cos4(p)d(pjr dr
8 1) 8% 0
3 indp\" () 3
:——((P—Sln (Pj . r_ :__27'5_:_2.
8 4 ), \6) 6 8

Example 30.

Use Stoke’s Theorem to evaluate the line integral

ig(z —y)dx +(x —z)dy + (y — x)dz along the triangle with the
C

vertices A(2,0,0), B(0,2,0), and D(0,0,2) (Figure 16).

— B(0,2,0) 4

L/’ ;,':f/f
A(2,0,0)

Figure 16.
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4. STOKE’S THEOREM

Solution.

We suppose that the surface S is the plane of the triangle ABD.
Orientation of the surface S and the contour C are shown in Fig-
ure 16.

We first find the unit normal vector n.
AB=(X, =X, Y5 —VarZs—2,)=(0-2,2-0,0-0)=(-2,2,0),

BD = (X, — Xy» Yo — V5o Zp — 25 ) =(0—0,0—2,2-0)
Then

(0,-2,2).

j ok
ABxBD=|-2 2 0/=4i+4j+4k.
2

Hence
. ABxBD 4i+4j+4k 1 -

1 -
n= = = _
Jeiai+a2 BB

ABxBD

SinceinourcaseP=z—y,Q:x—z,Rzy—x.Thecurloff:is
o REQ (20 Ry (20_or)g

oy oz 0z 0x 0x Oy

=(1=(=1))i +(1=(-1))j + (1= (~1)k =21 +2j + 2k.

By Stoke’s formula,

§ —y)dx+(x—z)dy + (y - x)dz
:jsj(vXF)-d§=jsj(vXF)-ﬁds
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4. STOKE’S THEOREM

= j(2§+2§ +2R)-(%?+%j +%l§]d8

S
2
= [[(a+1+1)ds=2+3([ds.
il !
Here ”dS is the area of the triangle ABD which is equal to
S

AI%ABXBD

:%-4\@:2\/5.

Then the answer is

Izzﬁjjdszzﬁ-zﬁzlz.

Example 31.
Use Stoke’s Theorem to evaluate the line integral

it;(zz -y’ )dx + (x2 —z’ )dy + (y2 -x* )dz where C is the curve formed
C

by intersection of the paraboloid z=5—x* —y” with the plane
x+y+z=1 (see Figure 17).
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4. STOKE’S THEOREM

Figure 17.

Solution.

Let S be the part of the plane x+y+z=1 cut by the paraboloid.

Orientation of the surface S and the curve C is shown in Figure
17.

Find the normal vector n to the surface S. From the equation of
the plane we obtain

ﬁ_l'}“'j“'f‘_iﬁipiﬁ
JE+12+ A3 A3 B
Since

P=Z2 _yz, Q=X2 —ZZ, R=y2 _XZ’
the curl of the vector field F(P,Q,R) is
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4. STOKE’S THEOREM

VxE- [a_R_a_Qj +(8_P_6_Rj;+[a_a_a_l>};
oy oz 0z 0x 0x Oy

= (2y+22)i + (22 +2x)j +(2x + 2y k.

By Stoke’s formula, we have

§ -z )dy+( —xz)dz
:”(VXF)-dE:“(vXF)-ﬁds
:%”(y+z+z+x+x+y)d5z%”(X+Y+Z)dS

Since x +y +z =1, the integral becomes
4

I=—||dS.
4

To complete the calculation, we must evaluate the double integral
”dS , 1.e. the area of the surface S.
S

The explicit equation of the plane is z=1-x —y. Therefore, using
the formula

i I (2] o o

(see Chapter 1), where D(x,y) is projection of S onto the xy-

plane, we have

:%I ds—% (I\/l—i- 1)’ dxdy =4 ”dxdy

D(x,y)
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4. STOKE’S THEOREM

Determine the region of integration D(x,y). Solving the system of

x+y+z=1

,  ,oWe obtain

the equations
Z=5-X -y

x+y+5-x" -y’ =1,
X’ +y’—x-y=4,

one vt
b

Thus we see that the region D(x,y) is the circle of radius

11
R= 3 centered at (E, Ej . Then the area of the region D(x,y) is

\/5 2
[[dxdy= n(%j =97“.

D(x,y)

Hence the initial integral is

I=4~2E=18n.
2

Example 32.
Verify that Stoke’s Theorem is true for the vector field

F(x,y,z)= zi +xj +yk . The surface S is the rectangular with the
vertices A(0,2,0), B(0,0,2), D(2,0,2), E(2,2,0) (Figure 18).
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4. STOKE’S THEOREM

B(0,0,2)

D(2,0,2)
A(0,2,0)

2 E(2,2,0)

Figure 18.

Solution.

Using Stoke’s formula
fE-di=[[(vxE)-d5
C S

calculate first the surface integral in the right-hand side.

The curl of F is
o322 2.2

oz 0z 0x 0x Oy
_[ oy _ox; J{%_@ju ox_oz g
“\oy o) oz ax ) T\ax oy
:1+]+k.

We can express the equation of the plane ABDE (i.e. the surface S)
explicitly.
The normal vector n can be found as the vector product:
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4. STOKE’S THEOREM

. ABxBC
n=r——7-

ABxBC
Here

XB:(0—0,0—2,2—0):(0,—2,2},
BC=(2-0,0-0,2-2)=(2,0,0).

Then
ik
ABXBC=|0 -2 2|=4]+4k.
2 0 0

The unit normal vector n is

. ABxBC _4j+4k L,

e rff

Hence the plane ABDE is defined by the equation
(X XA) (Y YA)n (Z_ZA)nz:()’
where x, , v, , z, are the coordinates of the point A(0,2,0) ,and

AB>< BC

n,,n,,n, are the components of the normal vector n.

As a result, we have

1 1
x—0)-0+(y—2)—+(z—0)-—=
(x=0)-0+(y )/—( )/—

or
z=2-y.

The surface integral becomes

jj(vXF) aS= [[ (i+j+k) [—2—;1—%]+k]dxdy

ny)
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4. STOKE’S THEOREM

[(i+7+K)-(0-5 - (1) +klaxdy

D(x,y)

= [[(+1)dxdy =2 ”dxdyzzfdxjdyzs.
D(x,y) D(x,y) 0 0

Here the region D(x,y) is the projection of the surface S onto the
xy-plane.

Evaluate now the line integral §13-df along the closed contour
C

ABDE.
The complete line integral iﬁ: -dr can be represented in the form:
C

ﬁz-df: §F-df+ §F-df+ §?-df+ ﬁ-df.
C AB BD DE EA

Calculate the four line integrals separately.
1) The equation of the segment line AB in parametric form is

X=Xy _Y~Va _ 272,

=t,
Xp=Xp Y~ Ya Zp—Z,
x—O_y—Z_Z—O_t
0-0 0-2 2-0
x_y=2_z_.

0 -2 2

or

x=0

y=2-2t

z=2t

ence

f(t) = <0, 22, 2t> where t ranges from 0 to 1.
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4. STOKE’S THEOREM

Then

dr
0,-2,2
il )

The line integral on AB is

1= fF-di j(ﬁ(x(t),y(t),z(t)).ﬁjdt

) dt
(t-i+0-5+@-20)k)-(0-i-2-5+2 kit

1

=2.

1
=
0
1 t2
{22 2t)dt = 4j1 t)dt = 4(t—7J

0

Similarly, we find the other line integrals.
2) The segment line BD has the equation:

X=Xy _ Y-Vp _ Z-Z 4
Xp —Xp YD Y8 Zp—Zy
x-0 y-0 z-2 ¢
2-0 0-0 2-2
X_y_z-— Z_t,

2 0 0

or

x =2t

y=0.

z=2

Hence

f(t) = <2t, 0, 2> where t again ranges from 0 to 1.

dr
a_<2, 0,0),

so that the line integral on BD is
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4. STOKE’S THEOREM

*=j(2-i+2t-}+o-12)-(25+0-3+0'f<)dt
0

3) The segment line DE is defined as
X~Xp _¥Y~V¥p _ 2772

e Xp Y~ Yo Zg " Zp

=t,

N Ol

£(t)=(2,2t,2-2t) where t<[0,1]

ﬁ = <O, 2,— 2> , so that

1
=2.

0

:[(4 —4t)dt= 4!)1'(1 —t)dt = 4(t —gj

4) The segment line EA is given by
X—Xg _Y~Ve _ 277

Xo7Xg Ya~VYe Z,"Zg

=t,
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4. STOKE’S THEOREM

2 0
x=2-2t
y=2
z=0
Then
£(t)=(2-2t,2,0), te[o,1],
and
dr
a=<—2, 0,0).
The integral I, = iﬁ?df is

EA

I,=§F-di = (0-i+@-20)-j+2:k)}(-2-7+0-F+0-Kit=o0.
EA

© ey —

The complete line integral along the closed contour C is
I=1,+L+I,+1,=2+4+2+0=8.

Thus, Stoke’s theorem is verified.
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