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Figure 17. 
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=

Solution. 
rëáåÖ=píçâ ==É∞ë=Ñçêãìä~

( )∫∫∫ ⋅×∇=⋅
p`

pÇcêÇc
rrrr

I=

Å~äÅìä~íÉ=Ñáêëí=íÜÉ=ëìêÑ~ÅÉ=áåíÉÖê~ä=áå=íÜÉ=êáÖÜí-Ü~åÇ=ëáÇÉK==
=

qÜÉ=Åìêä=çÑ= c
r

=áë==

â
ó

m

ñ

n
à

ñ

o

ò

m
á

ò

n

ó

o
c

rrrr








∂
∂

−
∂
∂

+







∂
∂

−
∂
∂

+







∂
∂

−
∂
∂

=×∇ =

â
ó

ò

ñ

ñ
à

ñ

ó

ò

ò
á

ò

ñ

ó

ó rrr









∂
∂

−
∂
∂

+







∂
∂

−
∂
∂

+







∂
∂

−
∂
∂

= =

rrr
âàá ++= K==

=
tÉ=Å~å=ÉñéêÉëë=íÜÉ=Éèì~íáçå=çÑ=íÜÉ=éä~åÉ=^_ab=EáKÉK=íÜÉ=ëìêÑ~ÅÉ=pF=
ÉñéäáÅáíäóK==
qÜÉ=åçêã~ä=îÉÅíçê= å =Å~å=ÄÉ=ÑçìåÇ=~ë=íÜÉ=îÉÅíçê=éêçÇìÅíW=

r

71 



4. STOKE’S THEOREM 

→→

→→

×

×
=

_`^_

_`^_
å
r

K==

eÉêÉ==

OIOIMMOIOMIMM^_ −=−−−=
→

I==

MIMIOOOIMMIMO_` =−−−=
→

K==

qÜÉå==

âQàQ

MMO

OOM

âàá

_`^_
rr

rrr

+=−=×
→→

K==

r
qÜÉ=ìåáí=åçêã~ä=îÉÅíçê= å =áë==

â
O

N
à

O

N

PO

âQàQ

_`^_

_`^_
å

rr
rr

r
+=

+
=

×

×
=

→→

→→

K==

eÉåÅÉ=íÜÉ=éä~åÉ=^_ab=áë=ÇÉÑáåÉÇ=Äó=íÜÉ=Éèì~íáçå==
( ) ( ) ( ) Måòòåóóåññ ò^ó^ñ^ =−+−+− I==

ïÜÉêÉ= I= I= ò =~êÉ=íÜÉ=ÅççêÇáå~íÉë=çÑ=íÜÉ=éçáåí=^ñ ^ó ^ ( )MIOIM^ I=~åÇ==
r

ñå I= = å =~êÉ=íÜÉ=ÅçãéçåÉåíë=çÑ=íÜÉ=åçêã~ä=îÉÅíçê=óå I ò å K==

^ë=~=êÉëìäíI=ïÉ=Ü~îÉ==

( ) ( ) ( ) M
O

N
Mò

O

N
OóMMñ =⋅−+⋅−+⋅− ==

çê=
óOò −= K==

=
qÜÉ=ëìêÑ~ÅÉ=áåíÉÖê~ä=ÄÉÅçãÉë==

( ) ( )
( )
∫∫∫∫ 








+

∂
∂

−
∂
∂

−⋅++=⋅×∇
óIñap

ÇñÇóâà
ó

ò
á

ñ

ò
âàápÇc

rrrrrrrr
=

72 



4. STOKE’S THEOREM 

( ) ( )( )
( )
∫∫ +⋅−−⋅⋅++=

óIña

ÇñÇóâàNáMâàá
rrrrrr

=

( )
( ) ( )

UÇóÇñOÇñÇóOÇñÇóNN
O

M

O

MóIñaóIña

===+= ∫∫∫∫∫∫ K==

=
eÉêÉ=íÜÉ=êÉÖáçå= a =áë=íÜÉ=éêçàÉÅíáçå=çÑ=íÜÉ=ëìêÑ~ÅÉ=p=çåíç=íÜÉ=

ñó-éä~åÉK===

( óIñ )

=
=

bî~äì~íÉ= åçï= íÜÉ= äáåÉ= áåíÉÖê~ä= ∫ ⋅
`

êÇc
rr

= ~äçåÖ= íÜÉ= ÅäçëÉÇ= Åçåíçìê=

^_abK==

qÜÉ=ÅçãéäÉíÉ=äáåÉ=áåíÉÖê~ä= ∫ ⋅
`

êÇc
rr

=Å~å=ÄÉ=êÉéêÉëÉåíÉÇ=áå=íÜÉ==ÑçêãW=

∫∫∫∫∫ ⋅+⋅+⋅+⋅=⋅
b^ab_a^_`

êÇcêÇcêÇcêÇcêÇc
rrrrrrrrrr

K==

=
`~äÅìä~íÉ=íÜÉ=Ñçìê=äáåÉ=áåíÉÖê~äë=ëÉé~ê~íÉäóK==
NF=qÜÉ=Éèì~íáçå=çÑ=íÜÉ=ëÉÖãÉåí=äáåÉ=^_=áå=é~ê~ãÉíêáÅ=Ñçêã=áë==

í
òò

òò

óó

óó

ññ

ññ

^_

^

^_

^

^_

^ =
−
−

=
−
−

=
−
−

I==

í
MO

Mò

OM

Oó

MM

Mñ
=

−
−

=
−
−

=
−
−

I==

í
O

ò

O

Oó

M

ñ
==

−
−

= I==

çê==









=
−=

=

íOò

íOOó

Mñ

K==

eÉåÅÉ==
( ) íOIíOOIMíê −=
r

=ïÜÉêÉ=í=ê~åÖÉë=Ñêçã=M=íç=NK==

73 



4. STOKE’S THEOREM 

qÜÉå==

OIOIM
Çí

êÇ
−=

r

K==

qÜÉ=äáåÉ=áåíÉÖê~ä=çå=^_=áë==

( ) ( ) ( )( )∫∫ 





 ⋅=⋅=

N

M^_

N Çí
Çí

êÇ
íòIíóIíñcêÇcf

rrrr
=

( )( ) ( )∫ ⋅+⋅−⋅⋅⋅−+⋅+⋅=
N

M

ÇíâOàOáMâíOOàMáíO
rrrrrr

=

( ) ( ) O
O

í
íQÇííNQÇííOOO

N

M

ON

M

N

M

=







−=−=−= ∫∫ K==

=
páãáä~êäóI=ïÉ=ÑáåÇ=íÜÉ=çíÜÉê=äáåÉ=áåíÉÖê~äëK==
OF=qÜÉ=ëÉÖãÉåí=äáåÉ=_a=Ü~ë=íÜÉ=Éèì~íáçåW=

í
òò

òò

óó

óó

ññ

ññ

_a

_

_a

_

_a

_ =
−
−

=
−
−

=
−
−

I==

í
OO

Oò

MM

Mó

MO

Mñ
=

−
−

=
−
−

=
−
−

I==

í
M

Oò

M

ó

O

ñ
=

−
== I==

çê==









=
=
=

Oò

Mó

íOñ

K==

eÉåÅÉ==
( ) OIMIíOíê =
r

=ïÜÉêÉ=í=~Ö~áå=ê~åÖÉë=Ñêçã=M=íç=NK==

MIMIO
Çí

êÇ
=

r

I==

ëç=íÜ~í=íÜÉ=äáåÉ=áåíÉÖê~ä=çå=_a=áë==

74 



4. STOKE’S THEOREM 

( ) ( )∫∫ ⋅+⋅+⋅⋅⋅+⋅+⋅=⋅=
N

M_a

O ÇíâMàMáOâMàíOáOêÇcf
rrrrrrrr

=

QÇíQ
N

M

== ∫ K==

=
PF=qÜÉ=ëÉÖãÉåí=äáåÉ=ab=áë=ÇÉÑáåÉÇ=~ë==

í
òò

òò

óó

óó

ññ

ññ

ab

a

ab

a

ab

a =
−
−

=
−
−

=
−
−

I==

í
OM

Oò

MO

Mó

OO

Oñ
=

−
−

=
−
−

=
−
−

I==

í
O

Oò

O

ó

M

Oñ
=

−
−

==
−

I==

çê==









−=
=
=

íOOò

íOó

Oñ

K==

qÜÉå==
( ) íOOIíOIOíê −=
r

=ïÜÉêÉ= [ ]NIMí∈ ==

~åÇ==
r

OIOIM
Çí

êÇ
−= I=ëç=íÜ~í==

( )( ) ( )∫∫ ⋅−⋅+⋅⋅⋅+⋅+⋅−=⋅=
N

Mab

P ÇíâOàOáMâíOàOáíOOêÇcf
rrrrrrrr

=

( ) ( ) O
O

í
íQÇííNQÇííQQ

N

M

ON

M

N

M

=







−=−=−= ∫∫ K==

=
QF=qÜÉ=ëÉÖãÉåí=äáåÉ=b^=áë=ÖáîÉå=Äó=

í
òò

òò

óó

óó

ññ

ññ

b^

b

b^

b

b^

b =
−
−

=
−
−

=
−
−

I==

75 



4. STOKE’S THEOREM 

í
MM

Mò

OO

Oó

OM

Oñ
=

−
−

=
−
−

=
−
−

I==

í
M

ò

M

Oó

O

Oñ
==

−
=

−
−

I==









=
=

−=

Mò

Oó

íOOñ

K==

qÜÉå==
( ) MIOIíOOíê −=
r

I= [ ]NIMí∈ I==

~åÇ==
r

MIMIO
Çí

êÇ
−= K==

qÜÉ=áåíÉÖê~ä= ∫ ⋅=
b^

Q êÇcf
rr

=áë==

( )( ) ( ) MÇíâMàMáOâOàíOOáMêÇcf
N

Mb^

Q =⋅+⋅+⋅−⋅⋅+⋅−+⋅=⋅= ∫∫
rrrrrrrr

K==

=
=
qÜÉ=ÅçãéäÉíÉ=äáåÉ=áåíÉÖê~ä=~äçåÖ=íÜÉ=ÅäçëÉÇ=Åçåíçìê=`=áë==

UMOQOfffff QPON =+++=+++= K==

=
qÜìëI=píçâÉ∞ë=íÜÉçêÉã=áë=îÉêáÑáÉÇK=
=

76 



 

 

77 
 


