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Preface

This ebook contains a selection of 60 problems on Fourier series
with full solutions. The problems cover the following topics:
Definition of Fourier Series and Typical Examples, Fourier Series
of Functions with an Arbitrary Period, Even and Odd Extensions,
Complex Form, Convergence of Fourier Series, Bessel’s Inequality
and Parseval’s Theorem, Differentiation and Integration of
Fourier Series, Orthogonal Polynomials and Generalized Fourier
Series. Each of the chapters includes appropriate definitions and
formulas followed by solved problems listed in order of increasing
difficulty. For students this ebook is a valuable complement
to textbooks, for lecturers teaching calculus, a helpful reference.
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Chapter 2

Fourier Series of Functions
with an Arbitrary Period

Fourier Series Expansion on the Interval

[-L, L]

In this chapter we consider Fourier series for functions which
are L-periodic. Assume that the function f(x) is piecewise

continuous on the interval [—L, L] . Using the substitution

x:H (-t<x<m),
T

we obtain the function

rly)=f( 2],

T
which is defined and integrable on [-m,7]. According to

the previous chapter, we can write the Fourier series for F(y):

F(y)= f(HJ = % + i(an cosny +b, sinny).
T n=1

The Fourier coefficients for the function are given by

a, _1 j F(y)cosnydyzljf(ﬂJcosnydy
T T T

-7 —T
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

T

-7

17 . 1¢.(Ly).
b =—|F dy=—|f| — dy,
N TC_J; (y)sinnydy J- (n jsmny y

n=123....

. s . . . X .
Returning to the initial variables, i.e. setting y=T, we obtain

the following trigonometric series

n=1
where
1 L
ao zfiLf(X)d.X
1§ nrw
a, =I£f(x)cos—dx
1§ nmnx
b, == [ £(x)sin="—dx
L—L

Fourier Series Expansion on the Interval
[a, b]

If the function f(x) is defined on the interval [a,b], then its
Fourier series representation is given by the same formula
a, < nmx nnx
f(x)=—"+ a_cos——+b_sin—-— |,
() =22+ 3o, cos™™ b, sn ™™ |

n=1

a . .
and Fourier coefficients are computed as follows:

where L=

1 b
a, :EJ‘f(X)dX N

48



2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

Even and Odd Functions

The Fourier series expansion of an even function f(x) defined on

the interval [—L L] has the form:

The Fourier series expansion of an odd function f(x) defined on

the interval [-L, L] is given by the formula

nnx
Zb sin——

where
nmnx

=—If sin—
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

SOLVED PROBLEMS

Example 16.
Find the Fourier series of the function

A, if 0<x<L
f(x)= ) .
0, if L<x<2L

Solution.

Determine the Fourier coefficients.

17 1}
aozfja.f(x)dx=f£Adx=A,

1 nnx 1§ nnx
a, =—J.f(x)cos—dx :—jAcos—dx

L L L L

= i(sinnn—sinO): 0,
nm

a 0
L
=é(—£cosﬁ) =—(—cosnn’+c050)
L\ nm L ), nm
A n n+1
=—I|1-(-1) |=—[1+ (-1
e S S

Foreven n=2k, k=1,2,3,...,

b,, =ﬁ[l+(—1)2k“]=0.
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

Forodd n=2k-1, k=1,2,3,...,

A 2k 2A
b =——N+(-1) [=———.
2t (2k—l)n[+( )] (2k-1)n

Hence,

A 2AE 1 2k -1
f(x)=—+— i .
(X) 2 nkZ_I‘Zk—lsm( L nx)

Yy
RIS
:Ll‘{\j UV
151
11
05

TTTTTTTTT lr‘k."'ll'dslp‘nIIIIII)(
1 R 5

Figure 17. Fourier series for step function, A=2,L=2,n=2,n=10.

Example 17.
Find the Fourier series of the function

A, if 0<x<a
f(x)= .
—-A, if a<x<b
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

Solution.

For the given interval L= g . Then

lb
a, =fjf(x)dx=
0

%EAdx—IAdx} -

&(a—b+a)=m.

b
anz—'[f( cosﬂdx
LO
21| 2 2
== IAcos nnx jA nnxdxdx
b
0 _
2A b ( 2n7:xja ( 2nnx)b
sin —| sin
b 2nn 0 b .
A| . 2nma ] . 2nma
=—1|sIn —0—sin2nm + sin
nw b
2A . 2nma
=—sin
nm

b
b, = | £(x)sin " dx
L) L

2| % 2nmx ®
=— IAsin dx—J.Asin
b 0 b a

2A b ( 2nnx]
cos

b 2n7: b

A

——| COS
nm

2nma
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

ZA{ ZnRa}
=—-1|1-cos
nmn b
Thus,
A(2a-b) 2A &1 2 2
f(x):g+— —{sin 7 o5 X
b T “n b
( 2nﬂ:aj . 2nmx
+| 1—cos sin .
b b
IIIIGjIIIIIIIIIIIIIIIIIIIIIIIIIIII)(
2 ] b
-1
-2
Figure 18. A=3,a=2,b=5,n =10, n =40.
Example 18.

Find the Fourier series of the function

1, if-1<x<1
f(x)= .
0, if 1<x<3
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

Solution.
Here L =2. Hence,

17 17 1
a, =df(x)dx:5_jlf(x)dx=5_jldx:1.

Coefficients a _ are

12 (.
=_If Jeos "™ dx fc Sﬂdxz_._.(mn%j
2 2

1| . nt . nmn 2 . nm
=—1|siIn—-—sin| — | |=—sin—.
nmn 2 2 nmn 2

Foreven n=2k, k=1,2,3,...,

2k
sinTTc =sinkn=0.

For odd n=2k+1, k=0,1,2,3,...,
2k +1
sinu = (—l)k .
2
Therefore,

k
=E ( 1) ,k=0,1,2,3,.
t 2k+1

a2k+1

Similarly, we compute b, :

:—J-f sin%dx = ; j.sin—dx

-1

1 2 nmnx ' 1 nw nw

-—- | —cos—— || =—|—cos—+cos| ——||=0.
2 nw 2 ), n=m 2 2

This result is obvious since the given function is odd on
the interval [-1,3]).
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

0,8
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Figure 19. Fourier series for step function, n = 2, n = 10.

Example 19.
Find the Fourier series of the function

0, if-1<x<0
f(x)= i .
x, if0<x<1

Solution.

Here L =1. Then we can write

a :%]:f(x)dx =_jlf(x)dx=j Xd":(%

0
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

Calculate a_

=—jf cos—dx chos nnx)dx

0

1 1
1 1
O R dx
(nnxsm(nnx)jo nnjsm(nnx)
1 . 1 COSNTX '
=—{(xsmnnx)‘ +( j }
nm 0 nw o

1] . cosnmt 1
=—1|sinnm+ -
nm nrw nw

1 1 n
:n2n2 [cosnn—l] _nzfcz [(—1) —1]

Determine the coefficients b, .

:—jf sin—dx J-xsm nnx)dx

0

:(_ixms(mx))

nn

1

+ —Icos nmx ) dx

n7m

0

1
1 1 sinnnx
=— (—x cosnnx)‘ +
nw 0 nmn o
- . n+1
1 sinnmt | (-1)
=—| —cosnm+ = .
nm| nmn nm

As a result, we obtain (Figure 20):

BT e

COSNTX + ———sIinn7nx |.
nm

..|;
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

IIIIII“\&:’IIIIIIIIIX
-1 -0, 0,5 1

Figure 20. n=5,n=10.

Example 20.
Find the Fourier series of the function f(x)= |cos x| .

Solution.

This function is even and has period © (L zg). As a result, we
obtain b_ =0.

Compute the coefficients a, and a_ .

L %
a, =%jf(x)dx:% jcosxdx:%(sinx];% :%.
0 0

L T

2
a, zzj.f(x)cosﬂdx _4 Icosxcosan dx
0 L n 0
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

2%
== j [cos(2nx — x )+ cos(2nx + x )Jdx

o

2%
== j[cos(Zn —1)x + cos(2n +1)xJdx
n
%

0

2 [ sin(2n—1)x N sin(2n + l)x}
T 2n—1 2n+1

0

sin(2n - l)g sin(2n + l)g

i 2n—1 2n+1

Since sin(2n - l)g =(~1)"" and sin(2n + l)g =(-1),

we have
2 (1" (1" | 2, an 20+1-(2n-1)
n = + :_(_1) ) 2
| 2n—1 2n+1 T 4n”° -1
n+l
:i(_i) ,where n=1,2,3,...
T 4n” —1
Hence,
X" —27X
F(x)=
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD
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Figure 21. Fourier series of f(x) = |cosx|, n =2, n = 5.

Example 21.
Find the Fourier series of the function f |sm x|
Solution.
Since this function is even and |sin X| =sinx for xe [0, n], we can
write
2
=—J.f dx ——J.smxdx =— cosx]
T
2 4
=— ( COS T+ cosO)——
T T

i

a, =Ejf(x)cosnxdx =Ejsinxcosnx dx
T 0 T 0
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

Y
J. sin(nx + x ) sin(nx — x )|dx
0

:lJ.smn+1x sin(n—1)x ]dx
TCO

i

__ 1 cos(n+1) cos(n 1) }

nl n+l n-1 0
[yt e
- m| n+l n-1
__l__(—l)"+1+(—1)"+1
B n| n+l n-1
:_(—1) +1_(—n+1+n+1):_£_(_1) +1,ifn¢1.

T n’—1 n n’-1

For case n=1, we have

T

27 1
a, =—jsinxcosx dx=—jsin2x dx
T T
0

_l(_ costj .
T 2

0

=L(—c052n+c050)= 0.
2n

Since the coefficients b_ =0, the Fourier series has the form

2 2&(-1)"+1
f |smx| ;—; 2%

> cosnx.
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

e e e B e e e e e e I e TS

1 2 3 4

Figure 22. Fourier series of f(x) = |sinx|, n = 3, n = 5.

Example 22.
Find the Fourier series of the function f(x)=(x), where (x)

denotes the distance from the nearest integer.

Solution.

This function is even on the interval [0,1] and has period 1

(L:%).Then b, =0.

The constant a, is

L A 2
a, :%jf(x)dx:4.([xdx:4~(x7j

0

%

1
5

0

Using integration by parts, we have
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

L

an=— (x) cosﬁdx 4jxc052nnxdx
el b
2 |
= sin nn’x = sin2nnx dx
0 2n7
I el
2 2
=— (x51n2nnx)|/ (Mj
2nt )|,
21 1
=— —smnn—i——(cosnn—l)}
| 2 2nm
1 n
= -1) —1j.
—— |1y 1]
For even n=2k, a, =0.
Forodd n=2k+1, a,,_, :ﬁ, k=0,1,2,3,...
+1)n
Thus,
_1_ 2 icos (4k +2)mx
4 'S 2k 1)
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

||||||||||||||)(

05 1 1.5

Figure 23. Fourier series of f(x) = (x), n=0,n = 2.

Example 23.
Find the Fourier series of the function
X, if0<x<1

f(x)=41,  ifl<x<2
3—x, if2<x<3
(a trapezoidal wave).

Solution.

Here L= 32 . Then

1

a, :%If(x)dx :gj[f(x)dx :g dex+jdx+i(3—x)dx}

0
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

2| 2nmx : 2nmx : 2nmx
== Ixcos dx+_[cos dx+_[(3—x)cos dx
304 3 3 3

21 3 . 2nm 9 2nmw 3 . 4nm . 2nm
=— sin + cos -1+ sin —sin —
3 2nm 3 3

3 . 4nm 9 4nT
— sin +——| —cos 2nmT+ cos——
2nm 3 4n°m 3

2 9 2nm 9 4nT
=— S| €os -1+ S| €os -11;.
314n'n 3 4n°m 3

. 4nT 2nm 2nmw .
Since COST =cos| 2nt—— |= COST , we obtain

3

a :%O 9 (COS znn _1] = i(COSZI‘ITTE_ lj > Where

2_2
" 4n’r? 3 n’n

n=123,....

The coefficients b, =0 because the function is even on the given
interval [0,3]. Then
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

= =]
[ao) oo —

=
I
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Figure 24. Fourier series for trapezoidal wave, n = 1, n = 3.

Example 24.
Find the Fourier series of the function f(x)=x, defined on

the interval [a, b] .
Solution.

b- . . . o .
We set L :Ta . Supposing that the given 2L-periodic function

can be represented by the convergent Fourier series, we can write

f(x)= %0 + i(an cosn—zX +b, sinn—zx) .

n=1
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

Calculate the Fourier coefficients a,, a_, b_.

a+2L

1b 1a-¢—2L 1 XZ 1 "
a, =—|f(x)dx=— |xdx=—| — =—|(a+2L) —a?
i (5] < oy -]
1 4al +4I”
=—a2+4aL+4L2—a2]=L=2(a+
2L 2L
Integrating by parts, we obtain
=—J.f cos—dx—— J. xcos%dx
e _
dv:cosde
_ L
du=dx
L
J‘cosde——sinE
L L nw L |
1 (xL . nnx ™™ 3L nmx
=—|| —sin— - I —sin——dx
Li\nx L . © N7 L

=— (a+2L)sin

n7m

nTw

1 ( . nnxja”L (L nnxj
=—I|| xsin—— +| —cos——
L L

= i[(a + 2L)sinn—ITfa —asin

a+2L
nmw
a
nima

nra
——+2n7 |[—asin—+
L j L

L (nna j L nra
+—cos| —+2nm |——cos——
L L

nn
L

nm
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

Similarly, we find

a+2L
:—J‘f sm—dx-— I xsin%dx
L - L

u=x
dv=sin%dx
_ L
du=dx
L
v= jsm%dx = ——cosE
L L nmn ]

B a+2L a+2L
1 nnx L . nnx
=——|| Xxcos—— —| —sin——
nw L . nm L

=——|(a+ 2L)cos(?+ 2nn) — acos% —

L ( nma j L nma
——sin| —+2n7 |+ —sin——
nmn L nmn

1 nmna nta L . nma L . nma
e (a + 2L)cos—— acos— ——sin——+—sin——
nmn L L nmn L nmn L

Thus, the Fourier series representation of the function is
nmna ntx 1 nma . nnx
f( a+L+—Z —sm— §$—— ——CcoS——sin——
n L
nn(a—x)

2L
—a+L+—Z—31
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

T T T T T T T T T T T T T T T 1T X

1 15 2 25

Figure 25. Fourier series of f(x) = x, n =5, n = 10.

Example 25.
Find the Fourier series of the function f(x)=cos’x.

Solution.

This function is even with period = (ng). Therefore,

the coefficients b, =0.

Compute a, and a_.

n

b
2

2¢ 4 272
a, =f_|’f(x)dx=;jcos2 xdxz;j(l+c052x)dx
0 0 0

2{ sin2x:|
== x+
T 2

2 2

% 2[7{ sinn}_1

0 T
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

L TEZ
a, =£jf(x)cos%dx _2 Icosz x cos 2nx dx
L+ L T

J% %
=— .[(1 +c0s2x )cos 2nxdx = — I (cos 2nx + cos 2x cos 2nx )dx
T 0 T 0
2 7 1
=— I{cos 2nx + E[cos(2n —2)x +cos(2n + 2)x]}dx
T 0
%
=— I [2cos 2nx + cos(2n — 2)x + cos(2n + 2 )x |dx
T 0
B l[ sin2nx N sin(2n —2)x N sin(2n + 2)x:| 7
T n 2n-2 2n+2 0
B l[ sinnm N sin(n—1)t N sin(n + l)n:l _0
“nl n 2n-2 m+2 |

However, this result is valid only for n>2. Therefore we calculate
coefficient a, separately.

7 %

nz TEZ
J.cos2 xcos2x dx = 2 J-(l+ €0s2x )cos 2xdx
0 n 0

4
a, =—
T

A A
2 2 1+ 4
== I(c0s2x+ cos’ 2x)dx == I(cost +ﬂjdx
T Ty 2

0

% _ %
1 1 4
=—I(2c0s2x+1+c0s4x)dx=—[sin2x+x+sm Xj
Y 0 TC o
1( . s sin2nj 1
=—|sint+—+ ——
T 4 2

Thus, the Fourier series of the function cos”x is given by
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2. FOURIER SERIES OF FUNCTIONS WITH AN ARBITRARY PERIOD

f(x)=cos’ x=2+Lcos2x.
2 2

This result is the well-known trigonometric identity.
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